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PREFACE

THIS book, excepting Chapter II, is an outgrowth of the

notes which have been prepared from time to time to supple-

ment the text-books in railroad surveying used at Cornell.

They were enlarged to somewhat their present shape some

four or five years ago and used in mimeograph form as a

text; the Transition Curve, with one or two additional tables,

serving as the field book. Last year they were rewritten and

printed, practically as now published, and combined with

the Transition Curve into a field book, a limited edition of

which was issued. The Transition Curve, thoroughly revised

and somewhat enlarged, appears as Chapter II of the com-

pete field book, which is now published for general use.

And while an apology is due for adding to the large list of

books on this subject already available, it is felt that a book

more adapted to the needs of the student without neglecting

the requirements of practice would meet a real need. With

this in view an effort has been made to bring out practical

field methods and to give representative problems, leaving

much of the work and most of the special problems to the

student. Also as far as practicable all matter not directly

connected with railroad surveying has been excluded. This

has resulted in a book of convenient size for the pocket,

though containing everything necessary for field use.

Long field computations requiring logarithms are unneces-

sary. For office computations, five-place logs are sufficient

for all railroad field problems. Those by Gauss and by

Hussey are the most convenient of any known to the
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iv PREFACE

The following is quoted from the prefaces of the Transi-

tion Curve by Professor Crandall, which first appeared in

1893:

"Accurate methods are here, it is believed for the first

time, developed for the true transition curve, curvature in-

creasing directly with distance, which will hold for large angles

for both the offset and the deflection methods. . . .

"
While intended primarily for the use of civil engineering

students, it is believed that the complete set of tables given

will render the methods at least as rapid and convenient in

actual use in the field as the more restricted or approximate

ones now in use.

"
Table IV, ... with actual deflections ... for a large

range of transition curves, . . . was suggested by the blue-

print tables in use on the Burlington and Missouri River

Railroad, and kindly loaned by E. E. Hart, C.E., a former

resident engineer. When the degree of circular curve and

the length of transition can be found in the table without

interpolation, it is more convenient than Table III" (now

Table VI).

CORNELL UNIVERSITY, ITHACA, N.Y.,

September, 1910.
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INTRODUCTION.
" Railroad Engineering is the art of making a dollar earn the most

interest." E. H. McHenry in the NorthertL Pacific Rules.

1. Railroads. Railroads are commercial enterprises,

their special business being the manufacture and sale of trans-

portation. That is, they are built to earn profits for their

owners, like all other manufacturing plants.

The life of all business projects may be divided into three

more or less definite periods:

1. Investigation and design (called location in the case of

a railroad), in which the feasibility of the plan and its value

as an investment are studied and, if the outlook is satis-

factory, plans are made for construction.

2. Construction.

3. Operation.

Capital is invested during the first two periods and earnings

are expected during the third, when the net income equals

the gross earnings less operating expenses and fixed charges.

2. Railroad Engineering. Railroad Engineering deals

with all three periods and its general problem is to make the

net income as large as possible.

The gross earnings are limited by the amount of transporta-

tion actually sold, i.e., by the amount of traffic. The prin-

cipal factors affecting this, assuming efficient operation, are

the number and size of the towns served and the character

of their inhabitants; the extent of the agricultural, mining
and manufacturing industries along the line; its accessibility

to the traffic and its position with respect to competing lines.

It is obvious that these practically limit the earning capacity
of a line and depend upon its location.

The operating expenses are also affected by the location, as

the cost of carrying traffic will vary with the gradients, dis-

tance, curvature and rise and fall over which it must be taken,

1



2 RAILROAD SURVEYING [5.

and the cost of maintenance will vary with the character of the

construction and of the ground on which it is constructed.

The fixed charges consist principally of taxes and interest

on cost of construction, which again depend upon the location.

Thus improvements of gradient or alinement for the purpose of

decreasing operating expenses may increase the fixed charges

(interest) by a larger amount, or vice versa.

3. Railroad Location. The above brief discussion of

the interdependence of the three periods and of the items affect-

ing the net income indicates, not only the complexity of the

problem confronting the railroad engineer but also the supreme

importance of the
"
location." The Locating Engineer must

be versed in construction and operation in order to be able to

determine the effect of his work on the net income.

Even if the broader questions of traffic are studied by the

higher officials and the termini and most important inter-

mediate controlling points are fixed, he must still know how
much it is worth to his line to decrease gradient and to re-

duce distance, curvature and rise and fall, as well as the

effect of differences in location on the cost of that portion of

maintenance which is independent, or nearly so, of the traffic.

4. Railroad Surveying. It will be impossible, however,
to discuss even these minor questions within the scope of this

book, so they will be left to be taken up in the work on Rail-

road Economics, to which subject they properly belong.

Attention will then be confined to Railroad Surveying,
which may be defined as the treatment of surveying opera-
tions incident to the location, construction and operation of a

railroad.

5. First Principles. Railroad Surveying has much in

common with other surveying, but we have seen that it is only
a small part of the whole field of Railroad Engineering. Only
a few of the more elemental principles of the latter will there-

fore have to be discussed with the surveying. The most

important principle will be given here, as it should be learned

at the outset of one's railroad training and never be forgotten
or neglected.

This first principle recognizes the fact stated in the first

paragraph and so aptly put in the quotation heading this

Introduction. This "
art

" must begin with the survey and it

demands economical work. Economical survey work requires
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thought and careful planning to make every move count

towards securing the desired results, concentrating on the

essential, and slighting the nonessential when economy will

result thereby.

Gross blunders and mistakes are best guarded against by

avoiding haste, by constantly keeping in mind a broad gen-

eral view of the problem and by applying the criterion of

reasonableness to all results. Thus results plainly impossible

should be rejected at once and those which appear unreason-

able should be carefully scrutinized before acceptance.

Uniform general methods are desirable as tending to econ-

omy and freedom from mistakes, but the engineer should be

ready to adapt his methods to the local conditions whenever

economy will result thereby.

The accuracy of the work should be as great as is compatible
with cost, that is, it should be increased up to the limit at

which it begins to appreciably increase the cost; beyond this

limit it should be increased only as actually required in order

to secure the results needed. This would exclude inaccuracy
due to poor methods, lack of skill, or carelessness, as these

do not tend to reduce cost. On the other hand, it is easy to

waste time and thought on the unimportant details, to the

neglect of the important ones and especially of the engineering
considerations upon which the survey depends.

6. General Field Methods. Direct horizontal measure-

ments are usually most convenient for a railroad survey, as

they allow of placing the stakes which mark the stations at

the usual and regular distance of 100 feet; it being common
practice in railroad work to express distances in stations, or

units of 100 feet. On level or uniformly sloping ground, the

odd stations are sometimes omitted, thus leaving stakes at

the even stations only, or 200 feet apart.
On sharp curves, on rough groundand for instrument points,

intermediate stakes, called plusses, are frequently required.
A plus of a half station length or of some multiple of 10 feet

is more convenient for plotting and computation and should

be taken if suitable. The front tapeman stops at the plus
with his flagpole and the zero end of the tape, and is alined

by the transitman. This leaves the rear tapeman, who should

be held responsible for all tape readings, to note the plus. He
can remain at the station and hold the end of the tape for the
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next station if the line is straight, or he can come up to the

plus and hold the remainder of the 100 feet on the tape to

insure the proper distance between stations.

Each transit point should have a hub and a guard stake.

The hub is driven nearly flush with the ground and the point

accurately marked by a tack. Both line and guard stakes are

marked with the number of the station or station and plus at

which they are set. The guard stake should be driven about

one and a half feet to the left of the hub, facing it and inclined

slightly towards it to prevent rapid weathering. Line stakes

should face backward and be vertical or inclined backward as

directed by the engineer in charge. The numbers on the

stakes should all read downward.

In measuring on rough or sloping ground, the horizontality

of the tape is estimated by the tapeman. It is well to sight

over the compass box of the instrument in passing and note

where its horizontal plane cuts the ground or other convenient

object. This levels up the tapeman's horizon and enables

him to judge more accurately when the tape is horizontal.

It should be remembered that a 100-foot steel tape when

suspended under a 10- to 12-pound pull will project about

0.1 foot shorter than its true length, and this allowance should

be made in setting the front stake if the tape is used normally
flat or suspended in 50-foot lengths. Reliable taping on

rough or rolling ground can only be secured by occasionally

watching the tapemen and correcting their methods if found

defective. On level ground the tape should be flat, with the

ends on the ground. In fact the tape should always be kept
as low as possible, i.e., with at least one end on the ground
unless intervening obstacles prevent.

If the ground is too steep for 50-foot lengths, the rear tape-

man should use a hand level for reliable results. He should

use a plumb bob, while the front tapeman can use his flagpole.

This pole should be 2h inches wide, with a level for plumbing
to secure accurate results in taping and pointing; otherwise

he should take advantage of a tree or house corner at right

angles to the line to check his estimate of verticality in taping.

7. Accuracy. As will be seen later, small errors in aline-

ment cause inappreciable errors in distance, so that it is use-

less to spend time in alining the regular line stakes closer than

an inch. The hubs, however, must be accurately alined and
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pointed. It is the practice of many engineers to double-

center all hubs, and of others to double-center hubs on long

curves or long tangents to eliminate errors of collimation.

Practice will soon teach one the care required to obtain a

certain degree of precision. The judgment will, however, be

aided by the following:

The accuracy desirable in setting over points, plumbing

poles, etc., i.e., in centering, is such that the errors from these

causes shall
t
not be greater than the errors of reading the ver-

nier. This is easily determined by remembering that

sin 1' = .000291,

which amounts to about 0.03 foot per 100. Thus an error of

0.0075 foot, or about ^ inch, would cause an error of $ min-

ute on a 50-foot sight. Hence to run to half minutes with

50-foot sights requires care in setting the instrument and very

great care in sighting at the points if the rods cannot be seen

nearer to the ground than 4 or 5 feet. In fact flagpoles with

cross levels and well-defined sight lines are essential for

rough ground in working to minutes unless the sights can be

made longer than 50 feet. The maximum length of sight in

pointing should not exceed 1200 feet. With fairly smooth

country f-inch steel rods or l|-inch steel-pointed wooden rods

6 to 8 feet long give good results and are much used.

By remembering that sin I
7 = 0.00029 and sin 1 = 0.01745,

or about 0.03 and 1.75 feet per station, respectively, many

field computations can be made without reference to tables,

or even the use of paper and pencil, which will greatly facili-

tate the passing of obstacles, making corrections, estimating
deflection angles, etc.

The formula for correction to distance due to error of aline-

ment, or to inclination, is derived as follows: In Fig. 1

6 2 = a2 + (6
-

z)
2

= a2 + 62 - 2 bx + x1
.



RAILROAD SURVEYING
[ 7.

Solving, x =-
,
or

26 x

a z

x = (nearlv)

For a = 0.1 b the error due to neglecting x in the denominator

of the second member is only about 1 in 100 000.

For a 100-foot tape an error of one foot in alinement or in

level would make an error of ^J<y of a foot in distance, while

for a 50-foot tape the error would be twice as great in a tape

length or four times as great per 100 feet.



CHAPTER I.

SIMPLE CURVES.

8. Simple Curves. Formerly the alinement of a railroad

as laid out was made up of simple curves and tangents, the

former being arcs of circles and the latter straight lines tan-

gent to them. The portions of the straight lines between

*0

Fig. 2.

V N

\ \
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straight line to the simple curve by means of a transition curve

or spiral. This modification will be considered later.

In changing the direction from one tangent to the next, as

from AB to BD in Fig. 2, the radius of the curve is usually

fixed by external conditions; if not, it would have to be

assumed to make the problem definite., that is, the turn could

be made with a curve of any radius, as by curve EF with

radius EO or by E'F' with radius E'O'.

For curveEFm Fig. 2, E and F are the tangent points, and,

assuming the curve to be run from left to right or from E to

F, the point E is called the point of curve, PC, and the point
F the point of tangent, PT\ the intersection of the tangents,

B, is called the point of intersection, PI] the deflection angle
from one tangent to the next is called the intersection or

central angle, J; the distance from the PI to the tangent

point (BE or BF) is called the tangent distance, or simply the

tangent, T; the perpendicular distance from the PI to the

curve, BG, is called the external distance, E; the chord EF
joining the tangent points is called the long chord, C, and the

distance of its center from the curve, NG, is called the middle

ordinate, M.

Denoting the radius of the circle by R we have by trigo-

nometry:

Tangent distance, T = R tan i 4
. . . . (2)

External distance, E = R exsec } 4
. . . . (3)

Middle ordinate, M = R vers % 4
. . . . (4)

Long chord, C = 2 R sin i ^
. . . . (5)

9. Degree of Curve. Since the above functions of a

curve depend directly upon the radius, it seems natural to

designate a curve by its radius, and this is the English practice.

In America, however, a curve is designated by its degree for

greater convenience in laying out by the method of deflections,

except for very sharp street railroad curves, where the English

system is frequently followed.

The degree of curve, D, is the central angle subtended by a

chord of 100 feet. This would give, Fig. 3,

D
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which makes the radius vary inversely as D for small angles.

For a 1 curve, R = 5729.65; for a 10, R = 573.69; for a

20, R = 287 .94, etc; while the corresponding arcs, or lengths

of track between 100-foot stations, are, in feet, 100.001,

100.127, 100.510, etc.

It is customary and convenient to tabulate the tangents and

externals of a 1 curve as found by (2) and (3) and to find

those for other curves by dividing by D. These quotients

require corrections which increase with D and with A. On

account of this difficulty and because of sharp curves being so

Fig. 3.

much longer than their nominal or recorded lengths, it has

been proposed to make the degree of curve the central angle

subtended by an arc of 100 feet and to use a table of chord

corrections in the field, shortening the chord as D increases

so as to give 100-foot arcs. This method has not come into

extended use.

Another method suggested by A. M. Wellington has come
into more general use. It consists in using shorter chords for

the sharper curves, 50-foot for curves from 8 to 16, 25-foot

from 16 to 32, and 10-foot for sharper curves, so that

the chords will closely approximate the arcs. The radius of

the 1 curve is changed from 5729 . 65 to 5730, while that for

a D curve is 5730/D. It is accurate enough for all field-

work except possibly running track centers, for which cor-

rections are given in Table II. Sharp curves require stakes

closer together than 100 feet to properly define them, so that

the short chords seldom require useless labor.
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Accepting this modification,

A
Length of curve in stations, L =

. . . (7)

Radius in feet, R =
. . . (8)

The radius of a 1 curve can be easily remembered by asso-

ciation with the number of feet (5280) in a mile; the first

and last digits are the same, as also the sum of the other

two.

Tangents and externals for a 1 curve are given in Table III

with A as argument; those for a D curve are readily found

by dividing by D. The radii are given in Table I; if D is

integral, as will usually be the case, they are as readily found

for the flatter curves by simple mental division.

10. The Deflection Method for laying out Curves.

The methods of laying out curves are simply those of drawing
arcs of circles on the ground. When the radius is small, say
less than 100 feet, the arc may be swung in from its center,

using the tape. This is sometimes done in street railroad

work, but ordinarily the deflection method is used on account

of the impracticability of using the radius. This method

depends upon the theorem that for a circle the angle between

a tangent and a chord or between two chords is measured by
one-half the intercepted arc and that angles at the center

are measured by the intercepted arcs. Thus with the transit

at any point of the curve the deflection for 100 feet (measured
in whole, halves, quarters or tenths of a tape length according
to the sharpness of the curve) will be D/2, and proportionately
for other distances.

Thus, in Fig. 4, suppose that the tangent has been located

from the left to the PI and that A has been measured. As-

sume a degree of curve, Z), that will meet the conditions im-

posed. Then find the radius from Table I or by dividing
5730 by D, and the tangent distance, T

7

, by (2), or more con-

veniently by dividing the tangent for a 1 curve, T lt
from Table

III by D. Subtract T from the stationing for PI for the

PC and measure T forward from the PI for the PT. Then
take the transit back to the PC, assumed as sta. 162 + 25,

and deflect from the tangent as follows:
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Sta. 163, or^, .75 of i D.

Sta. 164, B, .75 of i D + * D.

Sta. 165, C, .75 of i Z) + D.

Sta. 166, D, .75 of i Z) + ID.

Sta. 167, #, . 75 of i Z) + 2 D.

Sta. 167 + 30 PT, .75 of J D + 2 D + 0.3 of 4 7) = i 4,

as the deflection for the P77

is always one-half the central

angle. This checks all of the deflections, and these notes

should be written up before running the curve.

Fig. 4.

A set of deflections made up in this way may be used with

the instrument at any point on the curve. Each deflection

or vernier reading should be associated with the station to

which it belongs, and it can be used for that station so long as

the instrument is set up anywhere on the curve. This will

require the vernier for the backsight to be set at the reading

opposite the station on which the backsight is taken. The
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reading opposite the station where the instrument is set up
will give the tangent to the circle at that point.

Obstructions often require the instrument to be moved up
one or more times in running a curve, while if the central angle
is large, accuracy will require a new set-up as soon as the arc

described by the front end of the tape revolving around the

last station as a center does not give a large-angled intersec-

tion with the line of sight from the instrument. These new
instrument points will have no effect on the curve notes or

vernier readings made up once for all as indicated above,
unless plus stations are used, in which case the extra vernier

readings are simply interpolated.

Many engineers make up a new set of vernier readings for

each intermediate instrument point on the curve, starting

from zero on the new tangent. While this system has some

advantages, it is believed that the method outlined above will

save labor and reduce the danger of mistakes.

11. Form of Field Notes. The form of transit notes

shown in Fig. 5 is convenient. The O's in the first column

show the hubs or transit points on the line. They indicate

where the line can be accurately picked up for further instru-

ment work, and to quite an extent the character of the work,
and they should always be given.

The computations for the 6 curve are given in full in the

column of Curve Data and no further explanation is required

except to state that the 167 + 51.6 opposite the PT is the

stationing around the tangents and is found by adding the tan-

gent, T, to the PI. The track is to be laid around the curve,

so the stationing 167 + 30 by the curve is the one which will

govern in running the next tangent.

Tlf the tangent for a 1 curve for A =36 18', is taken from

Table III as already indicated.

The bearings noted are read from the needle for each tangent,
and they should always be given as a rough check on the work
and for comparison with those of property and other required

lines. The bearings shown in brackets are computed from the

J's of the curves, starting from the first or reference tangent.

Table I, giving deflection angles in minutes per foot of

chord, may be conveniently used when the sub-chord deflec-

tion cannot readily be computed mentally. The date, party,

and usually the weather conditions, should be given at the
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beginning of the day's work. Tf the work is not a con-

tinuation of that immediately preceding in the record it should

be described. Under this latter head should be given the title

of the problem if it is problem work.

12. Typical Curve Problem. In the typical or standard

curve problem one tangent has been located and station stakes

set and the other tangent has been picked out on the ground.
Set up at the PI, measure A, and note* the bearing of the

front tangent; while the tapemen are measuring forward look

up T
}

in Table III, divide by D and give the resulting

tangent length to the rear tapeman for locating and pointing
the FT7

hub; subtract T from PI for the PC; divide A by D
for length of curve, L, which add to the stationing of the PC
and give the result to the stakeman, for marking the guard at

the PT\ check the backsight and give the PC stationing to

the tapemen so that they can put in the PC hub and guard;

complete the curve notes, checking the PT through the

vernier readings as indicated in 10; set up on the PC and

backsight on the tangent with vernier at zero. By taking up
the work in this order the transitman can keep his party busy
and have the notes ready for running the curve as soon as the

PC is set.

If the PT is visible from the PC it is well to turn one-half

A and note the check upon the PT, as this checks the equality
of the tangents and the value of J. In running the curve,

the last sub-chord should check the computed value, and the

line of sight should check the tack on the PT hub. The

discrepancy, if within allowable limits, is usually left in the

curve, the front tangent starting off at the PT from a back-

sight on the PI. The same direction should of course be

obtained by backsighting to the last hub on the curve and

turning to the vernier reading ( J) for the PT.
As already stated, as many intermediate instrument stations

as necessary may be used on the curve without disturbing the

notes except to enter the O's and also the extra vernier

readings in case full stations cannot be utilized. The guards
at the ends of curves should be marked to show the alinement,
as PC 3 R, PT, etc.

If the PI is not given, two stakes may be pointed on the

rear tangent not over 100 feet apart, and preferably less than

20, so as to include the PI between them. The transit may
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TRANSIT
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then be set over the nearer of the two points fixing the front

tangent and the PI found at the intersection of the line of

collimation for the front tangent with the tape stretched

between the two stakes on the rear tangent.

In general, to solve a field problem, a sketch should be

made, as nearly to scale as may be, putting in the known data

and then proceeding step by step to determine the required

data upon the supposition that it is being done by plotting.

After this is done, follow the plotting steps by trigonometric

relations or formulas which will furnish a basis for the required

numerical solution. It is much easier to follow relations

graphically, and it is usually possible to secure numerical

results for any problem in field geometry which can be plotted.

With this habit once acquired, one is independent of field

books except for the tables, and much better equipped for

rapidly and accurately seeing the relations and solving the

problems arising in railroad location or in track work. On
this account only a few of the special problems which come up
in connection with simple curves and obstacles in alinement

will be given, and these to bring out methods rather than on

account of any difficulty in their solution.

Long numerical solutions in the field should be avoided so

far as possible. The delays occasioned are expensive, demor-

alizing to the party and injurious to its reputation. Fre-

quently much of the solution can be done graphically with

the instrument and party with a saving of time and reputa-

tion; at other times data can be gathered for an office solution

and other work taken up for the balance of the day. Study
and experience soon enable one to approximate the best

obtainable results in fitting a line to the ground by simple
methods and simple geometric relations, leaving the difficult

special problem for yards, city streets, or rugged topography.
13. To lay out a Curve with Inaccessible PI. From

a suitable point on the first tangent run a traverse over con-

venient ground to reach a point on the second tangent. These

points on the tangents should be near the desired tangent

points, or at least not much nearer the PI than the tangent

points. Assume the first tangent as a meridian or axis of X
and compute the coordinates of the points on the traverse

with reference to this, using the starting point as the origin.

Divide the ordinate of the station on the second tangent by
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sin A for the distance of the point from the PI and multi-

ply this ordinate by cot A for the projection of this distance

on the axis. Subtract this projection from the x coordinate

of the point for the distance of the point on the first tangent
from the PL Compare these distances from the PI with

the tangent of the required curve for the distances to move
from these points on the tangents to the PC and PT.
After setting these the remainder of the problem will be the

same as given in 12.

EXAMPLE. Given at sta. 184, deflection 4 18' left; sta.

186 + 50, 2 10' right; sta. 189, 6 25' left; sta. 192. 1 18' left,

coinciding with the second tangent. Required the data for

locating a 1 curve.

Solution.

Station Deflection Dist. x y
184 4 18' L 250 249.30 18.74
186+50 2 8 L 250 249.83 9.31
189 8 33 L 300 296.67 44.60
192 9 51 L = A

Coordinates of sta. 192, 795 .80 72 . 65

Distance of sta. 192 from PI = -^ = 72 65
=424.7

sin A .17107

Projected distance, y' cot A = 72.65 X 5.75941 = 418.42.

Sta. 184 from PI, 795.80 - 418.42 = 377.38.

PI = 187 + 77.4

T
l (Table III) = 493.7 = 4+93.7

PC =182 +83.7

L= 9- 5
9 + 85

PT =192 +68.7
The PT will, be 493 . 7 - 424 . 7 = 69 . beyond the old sta. 192.

14. To lay out a Curve with Inaccessible PC-
Extend the tangent to a regular station near the obstruction

as at A
y Fig. 6, and pass by an equilateral triangle with sides

one or more full stations long, or by a traverse or other

method suitable for the conditions, and determine the PI
and A. Find T and PC, and by comparison with CD decide

upon the station number for G; subtract the PC from G in

stations and multiply by D for .

DF = T - x. o,AA - ,

FG = R (1

R sin OL 1

cos a), j
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Set the PT and F while the instrument is at PI and set

up at F, turn 90 from PI, set G and place a backsight hub H
on .FG produced some 200 feet, if FG is short. Set up at Or,

backsight on H with vernier at 90 J a and continue the

curve from the notes made up as usual.

A sketch with the special data and computations should

be shown on the right-hand page.
A simpler method would be to turn 90 A from the back-

sight when at PI and measure the external, E, locating the

central point of the curve.

The vernier for the backsight from this point would be

90 J A] the regular curve notes would answer with an

interpolated reading for this central point, but the first por-
tion of the curve would have to be backed in and would not be

checked.

EXAMPLE. Given: sta. 185, 60 R for two stations; 120 L
for two stations to sta. 187; sta. 187, 60 R; sta. 189 + 70, PI;
A - 18 20' R.
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Find the data for a 2 curve and the coordinates for a starting

point on the curve free of the obstruction.

Table III, Ti = 924.6, Ei = 74.12, T = ~* = 462.3;

E = Li. = 37.06; R = 2865.

PC = 185 + 07.7;L -.-- 9+ 16.7;
2

PT = 194 + 24.4.

For sta. 187 on the curve; a = 1.923 X 2 = 3 50'.

PC to F = 2865 X sin 3 50' = 2865 X .06700 = 192.0

DF = 462.3 - 192.0 = 270.3

FG = 2865 (1
- cos 3 50') = 2865 X .00225 =

6.45; giving the coordinates for sta. 187 of

the curve.

15. To change a Curve so as to end in a Parallel

Tangent.
(a) by sliding the PC on the first tangent. If the PC slides

along the first tangent the PT will slide the same distance

parallel with the first tangent, so that in the triangle ABD,
Fig. 7, for a perpendicular distance p between tangents the

distance AD moved along the first tangent will be found from

AD = JL. . (10)

This distance AD through which the PC moves is to be

measured backwards if the new tangent is inside the old, as

in Fig. 7, and forwards if the new tangent is outside the old.

Shifting the position of the curve will change the transit

notes to correspond with the stationing of the new tangent

points.

EXAMPLE. Sta. 184 +50, PC, 4 R; sta. 190, PT. Re-
quired the new tangent point and the vernier readings for running
the curve if the new tangent is to come 10 feet inside the old.

By (10),

New alinement: 184 + 23.3, PC, 4 R; deflections, 185,
1 32'

; 186, 3 32'
; 187, 5 32'

; 188, 7 32'
; 189, 9 32'

;
189 + 73 . 3,

PT, 11 00'.

(b) by changing the degree of the curve.
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If the PC remains fixed, the new tangent T' would be less

than the old by AD, Fig. 7, giving

T db
P

sin J
(11)

Fig. 7.

If the PT is to come opposite the old,

T' = T T p cot J, (12)

where the upper sign is for the new tangent outside the old

and the lower sign for the new tangent inside the old. Having
T',

D' = i
.

T'
(13)

16. To draw a Common Tangent to Two Given
Circles. This problem may arise in changing the location of

part of a line or in joining up a new location to old track.
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The curves are connected in the field by stopping the first at

such a point that its tangent when extended will cut the sec-

ond. The stationing for this intersection point is found and

the deflection angle measured with one or more of the chords

radiating from it. This supplies the data shown in Fig. 8.

Fig. 8.

Thus AB is tangent to the first curve at A and intersects

the second at B with a for the intersection angle.
In the right triangle ABO, Fig. 8,

AB
~R'
AB

tan (a)

OB =
sin O l

In the triangle BOO',

angle B 2
= 90 + a - (90 - 0,)

OB and O'B, or R', are known.

Substituting for the oblique triangle with two sides and the

included angle known,

tan \ (0 2
- 00 = R ' ~ B

tan (90 - } B 2 ). (c)R f + OB
2 = i (O a + 00 + i (0, - 00,

0' = i(o a + oo - }(0 2 -oo,

sin0 2
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With 0' as a center and R' R as a radius describe a circle.

A tangent to this circle through O will be parallel to the

required tangent.

To find OE and the angle data:

In the right triangle OEO'

R' - R
sin 3

=
00'

OE = 00' cos 3,

/?
= 90 + 3

-
(0, + 2 ).

The distance to move the PT on the first curve,

GA = p/D.

For the PC at F on the second curve, add OE to the sta-

tioning for the PT at G.

There are three other cases which are left for the student;

one with the centers on the opposite sides of the required

tangent and the other two with the flat curve coming first.

Unless a traverse is required in passing from A to B on

account of obstructions, this problem can be more easily

solved in the field by locating A by 21 so near the required

PT that the angle between AB and GF will be so small that

it may be converted into distance on the curve by dividing

by D.

If a traverse is required (or available) to give the relative

positions of the two curves, the problem is readily solved by

computing coordinates, referred to a convenient axis, joining

the curve centers and computing the necessary distances and

angles as above.

EXAMPLE. The tangent at sta. 162, the PT of a 6 L curve
intersects a 2 curve at sta. 168 with a = 4 18' R. Required the

PT of the 6 and the PC of the 2 for a common tangent. As this

is an office problem the computation by logs will be given in full.

(a),A=600 2.77815 (6), 45=600 2.77815
R6

= 955 2.98000
'

O
l
= 32 08' sin 9.72582

Oi = 32 08' tan. 9.79815 05 = 1128.1 3.05233

a, 4 18' (c),R2 -OB, 1736.9 3.23977

Oi, 32 08 R2 + OB, 3993.1 (AC) 6.39869

B^ t
36 26 90 -

\ B2 ,
71 47'. . .tan 0.48266

i(O2
-

O'), 52 53'.. tan 0.12112
O2 ,

124 40'; O', 18 54'.
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(:J), Rz, 2805 . 3.45712 R* - R
G , 1910... 3.28103

Bz, 36 2G /
sin .. 9.77370 GO', 2068.7 3.31570

O2, 124 40 sin (AC)0. 08488 O3 ,
67 24' sin ... 9.96533

GO', 2068.7 3.31570

90 +O3 ,
157 24' O3 ,

67 24' cos. .. 9.58467

Oi + O2 ,
156 48 GO', 2068.7 3.31570

fit
36 OE, 795.0 2.90037

*^6'

GA = =0+10. New P77 = 162 -
(0 4- 10) =

6

161 + 90.

Tangent Distance GF = OE =7 + 95; PC 2 L = 169 +85.

17. Sub-Chords. Referring to 9, it may be noted that

if curves are computed and run on the basis of 100-foot chords

a sub-chord length c' for a given deflection angle d would be

found from -(6),

c' = 2R sin d, (14)

with R = 50/sin J D.

Or, if the sub-chord c is given, the corresponding deflection

angle d would be found from

sin d = . (15)2R

These values will not differ appreciably from the nominal

ones for curves flatter than 8.
On the basis of shortening the chords as the degree of curve

increases the true sub-chord would be

c' = 2R sin d, (16)

with R = 5730/D.
This will differ so little from the nominal length that no

correction will be necessary except in cases of extreme ac-

curacy in running track centers.

18. Metric Curves. In working under the metric system
it is customary to use a 20-meter tape and to take the central

angle subtended by a tape length (for flat curves) as the

degree of curve. This makes the radius of a metric curve to

that of the foot curve of the same degree as 65.62 (the unit

chord) is to 100 (the unit chord), or approximately as 2 to 3,



24 RAILROAD SURVEYING [19.

while there are but one-fifth as many units in the chord, 20 in

place of 100, and hence in the tangent or any of the linear

functions of the curve.

The tables for the English or foot system are thus available

for the metric by simply dividing all linear functions by 5

D instead of by D.

The stations are numbered as if a 10-meter tape were used,

leaving out the odd-numbered stations except when inter-

mediates are required.

This gives one-fifth as many units in the curve functions

and one-tenth as many in the station numbers as in the foot

system, which is confusing at first, but the confusion soon

disappears with use.

In following up the Wellington system for degree of curve

it would be somewhat on the safe side to change to 10-meter

chords for from 8 to 16 curves, 5-meter chords from 16 to

32, and 2-meter chords for curves sharper than 32.
19. Other Methods for laying out Curves. Most of

these are for use without a transit and are not capable of

great accuracy except for short curves on smooth ground.

(a) by offsets from the tangents. This is a method by
coordinates, using one of the tangents as an axis and the

tangent point as an origin. In Fig. 9, A is the PC and B, D, E
and F are regular stations on the curve.

Let AC =
n, a fractional part of a station length. Then

AB = 1 n
t
and the angle

E'AB = 1(1 -
n) D,

AB' = AB cos 1(1 - n)D 9 \
'

BB' = Asini(l- n)D. \

A tangent at B would make an angle of (1 n)D with the

original tangent, and the chord BD would make an angle of

D/2 additional.

Hence the angle between the chord BD and the tangent
CE' is (I

-
n) D, and

B'D' = BD cos (|
- n)D, or

B'D' = 100 cos (|
- n)D, \

DD" = 100 sin (| -n)D.)
Similarly,

DE" = 100 cos (I
- n) D, )

EE" = 100 sin (f
- n)D. ]"
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After passing the middle of the curve the offsets and dis-

tances can be found by working from the other tangent if

more convenient.

On flat curves the offsets only need be computed and the

chords can be used with them in locating the stations. Thus

Fig. 9.

the tapemen may often be able to put in a flat curve accurately

enough for grading the roadbed while the transitman is

moving forward.

Another method of computing coordinates is often used.

It has the advantage of giving the coordinates for each sta-

tion directly and the disadvantage of using a large factor, R,
as compared with summing the coordinates in the previous
case and obtaining the increments, after the first, by simply

pointing off two places in the natural functions. The equa-
tions are AB f = R sin (1

-
n) D,

BB' = R vers (1
- n) D,

AD' = R sin (2
- n) D

DD' = R vers (2
- n) D.

.

(20)
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If the tangent point is at a full station, n = and dis-

appears from the formulas.

Offsets from tangents may be found approximately from

the following:

Let n = the distance in stations from the tangent point
to the point where the offset is desired. Then J nD will be

the angle between the tangent and the chord, and

offset = 100 n sin nD.

Since small angles are proportional to their sines,

sin nD = .01745 nD (approx.).

Substituting, offset from tangent,

*-Jn'D, (21)

where n is in stations and the corresponding deflection

angle is so small that for its sine the angle in degrees into the

sine of 1 can be used.

Er-^
rl ~~77,--.
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Tangent offset, t = 100 sin J D,
/orn

or t =
|D(approx.).[

If CF be extended to meet the next 100-foot chord AB
produced, at E, the chord offset CE, or o, will be twice the

tangent offset.

Chord offset, o = 200 sin i D,
(24)

or o = i D (approx.).

In starting to lay out the curve from the tangent point,

measure each way to a full station and lay off the tangent
offsets by (17) or (21); prolong the chord through these two

station points 100 feet forward and lay off the chord offset to

locate the next station 100 feet from the front station through
which the chord was drawn; extend the second chord and

repeat.

This method is especially valuable in enabling the front

tapeman to approximate the line on curves nearly as well as

on tangents, thus saving time and checking the transitman.

It is also valuable on construction in replacing the stakes

approximately for checking the grading, etc., since it is

usually possible to recover at least one of the chords and the

curve may be extended either way from it.

(c) By deflections with two transits. The transits are

set up at two different points on the curve, for example the

PC and PT, and each set at the proper vernier reading for

a required station; the intersection of the two lines of colli-

mation will locate the station. The central angle of the curve

between the two instruments should be great enough to give
a fairly large intersection angle for accurate location. This

method is sometimes used in locating points in a pond or other

place where linear measurements are inconvenient.

These special methods are given to suggest expedients for

convenience in field-work. Others will suggest themselves

to the thoughtful student as the result of experience.

The following approximate formulas in this connection

should be memorized as greatly facilitating field-work.

t = J n
2
D,

t' = I n* (D - _
(25)
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where t = tangent offset; t' = offset between two curves;

m = middle ordinate; and o = chord offset.

20. Obstacles to Alinement. For transit work the

deflection method is generally preferable to the offset method

for passing obstacles as being quicker and more accurate.

The equilateral triangle, when available, involves no com-

putations; the isosceles triangle involves computation for

distance only, and this may be avoided by using deflection

angles which will give simple ratios.

Thus any one of the following combinations of deflection

angle and distance will give a projection forward of 100 feet

and proportionally for other distances.

Deflection.
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At sta. 124 + 50 the algebraic sum of the products is + 10000

and the direction of the line from sta. 118 to sta. 124 + 50

is 50' L.

If it is desired to reach the line in 5 stations, it would

require a deflection of - 10 QQ = 20' to the left of the
500

main line, or of 50'- 20' = 30' right from the last

line or backsight, and at sta. 129 +50 a deflection of 20'

to the right, to continue the original line. Any other con-

venient distance could have been assumed and the correspond-

ing deflections obtained.

On curves, if care is taken not to place the transit too close

to a small obstacle, it can usually be passed by using chords

which will give clear lines of sight for plus stations close

enough together to carry the taping along the curve and then

interpolate for the regular stations, or if this is not feasible, by
setting a hub at the end of a long chord (computed by (5)),

and then running the curve backwards to the obstacle.

For larger obstacles one of the general methods already
described can be applied to a long chord and the curve then

run backwards to the obstacle.

21. Alinement by Trial. While the typical method of

location is to fit the tangents to the ground and then connect

them by suitable curves, as indicated in 12, the method
becomes inconvenient when the intersection angles are large,

as the points of intersection will come quite a distance from

the located line, and the extended tangents may be on rough

ground or obstructed, especially if in a timbered country.

Again, when the curves are long as compared with the

tangents it is often better to fit them to the ground first

rather than the tangents. For these reasons and because of

the saving in timewhich can be effected, the method of running
the curve forward from the PC without having the front

tangent definitely located is much used. With this method

special care is required to prevent mistakes, as no very pre-
cise checks on the curves are obtainable. The discrepancy
between the computed and the magnetic bearing would show

any serious mistake in the instrument work.

If the curve does not fit the ground it can be moved laterally

by sliding the PC along the first tangent or by changing the

degree of the curve as required. The proper point at which
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to stop the curve can be determined by pacing off the tangent
offset at the rear end of the tape and sighting over the stake

at the front end and noting how the direction agrees with that

of the required tangent. If it must be determined closer

than to the nearest station, a plus station can be set tem-

porarily and the corresponding tangent offset (= | n
2
D, or the

chord X sine of deflection angle) laid off and the line tested

before bringing up the instrument.

It is believed that this method is admissible up to 1000 feet

for long curves, as any discrepancy found in the alinement

can be readily taken care of by slightly shifting the positions

of curves or tangents during construction.

PROBLEMS.

1. A line is measured along an even slope and found to be 670
feet long. One end is 50 feet higher than the other.

Find the true horizontal distance by (a) an exact method;
(6) the approximate method.

2. A trial line measured through brush is found to be 890 feet

long and to require an offset of 26 feet to pass through the required

point.
Find the true distance by (a) an exact method; (6) the approxi-

mate method.

3. Given M = 50 ft. and J - 40 25'.

Required E, T, R and C.

4. Given C = 300 ft. and A = 10 45'.

Required E, T, D and M.
6. It is desired to put in the regular stations only on a 14 curve.

How much must the nominal 100-ft. chords be shortened to

accomplish this, (a) if 50-ft. chords are to be used later; (6) if

100-ft. arcs are desired between stations?

6. A street railway curve of 90-ft. radius is swung in from its

center.

Required the degree of the curve, (a) on the 100-ft. chord basis

(6) on the 100-ft. arc basis; (c) on the basis of using 10-ft. chords.

7. A 20 curve is to be run in at first with 100-ft. chords.

Required the deflection angles for putting the points on a curve
to be run later with 25-ft. chords.

8. A curve is run with 5 deflections for 50-ft. chords.

Required the exact radius and the degree of the curve.

9. Find the coordinates, using the tangent as the axis of X, for

locating 4 regular stations on a 5 curve xvith PC at sta. 180 + 20.

Compare the ordinates with those found by the approximate
method.
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10. Find the coordinates from the long chord for laying out the

regular stations of a 7 curve with PC at sta. 180 + 60 and PT at

sta. 185 -f 10.

11. Two tangents with bearings N. 60 40' E. and S. 80 30' E.
intersect at sta. 180 + 4.0 metric with J = 39 05' R. Com-
puted bearing of first tangent [60 29'].

Required complete transit notes for a 6 metric curve.

12. Given J = 36 15' L\ PI = sta. 260+6.0, metric;
E = 10. Bearings of tangents N. 70 20' W. and S. 73 20'.

Computed bearing of the first [70 16'].

Required the complete transit notes.

13. Given J = 26 35' R; PI = sta. 184 + 10.

Required the PC and D of a curve to pass through a point
10 feet to the right of sta. 182 on the tangent.

14. Given the following alinement: sta. 176, PC 3 R; sta.

182, PT; sta. 185 + 50, PC 5 R; sta. 189, PT.
Required the PCC's for substituting a 2 curve for the tangent

between the 3 and 4 curves.

15. A 1 curve ends at sta. 181. On prolonging the tangent to

sta. 190 it is found that 1 30' should be added to the curve to

bring the tangent on the required ground.
Find the offset from the old tangent to sta. 182 +50 and the

distance and direction from the old sta. 190 to the new sta. 190
so as to set up on the new sta. 190 and backsight on the new
182 +50 and run the new tangent without having to go back
with the instrument.

16. A 4 curve is run from sta. 210 to sta. 216. On setting up
at sta. 216 it is found that a 3 curve with the same PC would
better fit the ground.

Find the distance and direction to lay off from the instrument
to hub sta. 216 on the 3 curve and the vernier reading for sta.

217 after setting up on the new station and backsighting upon the
PC.



CHAPTER II.

TRANSITION CURVES.

22. Necessity for Transition Curves. The track upon
a tangent or straight line is made level transversely; upon a

circular curve it is inclined toward the center to counteract

centrifugal force. The change from the one to the other must

be gradual for easy riding, and to prevent twisting the trucks.

Hence if the inclination of the track is to be proportional to

the centrifugal force at every point, a transition curve, in

which the curvature increases directly with the distance, must
be used in passing from the tangent to the circular curve.

23. Different Kinds in Use. Rankine (Civil Engi-

neering) gives the credit of first laying out railroad curves

with a gradual increase of curvature, starting from the tan-

gent, to Mr. Gravatt about 1828; of using such a curve to

connect the tangent and main circular curve, to Mr. Wm.
Froude about 1842, their methods being first published in

1860-1.

In this country transition curves have come into use since

about 1880. The true transition curve, curvature increasing

directly with the distance, was described in The Railroad

Gazette, Dec. 3, 1880, by Ellis Holbrook. The Railroad

Spiral, by W. H. Searles, was published in 1882. This curve

is made up of circular arcs compounded. The cubic parab-

ola, in which the curvature increases with the distance along
the tangent, was described by C. D. Jameson and E. W.
Crellin in the Railroad and Engineering Jour, in 1889. The
Froude curve, as worked up by A. M. Wellington, was de-

scribed in the Engineering News in 1890. These bring out

the more important classes, although the list is far from

complete.
All but the last were worked out to be run with transit and

tape, the deflections being given for several curves with

different rates of increase of curvature for flexibility; the last

was worked up to be run with transit, or by ordinates from the

32
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circular curve and from the tangent, as preferred. It is the

only one of the list which is worked up for a curve of any

length or of any offset from the tangent to the main circular

curve
;
the field-work during location is reduced to a minimum

by offsetting from the tangent directly to the circular curve,

but the fundamental assumptions become inconsistent when
the curve includes a large central angle.

24. Equation of Curve. In Fig. 11, let EGE' be a cir-

cular curve with centre C and tangents EK and E'K. It is

evident that if we begin at G to reduce the curvature directly

with the distance, and continue the reduction until the curva-

ture is zero, using the same central angle 7 as for the corre-

sponding portion of the circular curve, the new curve will pass

outside the old, requiring a tangent OB parallel with EK, and
at some distance as JE from it.

Fig. 11. Fig. lla.

E is called the PC, as usual; 0, the PTC; G, the PCi; G f

,

the PTC,; E', the PT; and 0', the P7Y
Since the curvature is zero at and increases directly with

the distance, the ratio of the angle and distance increments,

d(f> and dl, must increase with I, i.e.,

- 2W,
dl

(26)

where 2k is a constant depending on the rate of increase in

curvature.
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Integrating,

* = W, (27)

where is the central angle up to the point L, I the length,

and k a constant.

The central angle of the transition curve thus increases

with the square of the distance from the origin, rather than

directly with the distance as for the circle.

In the right differential triangle, Pig. lla,

dy = dl sin </>

= dl sin /b/
2
,
since 4 = kl2 by (27).

The expansion of the sine in terms of the angle, by Trigo-

nometry, is

I
3

t
5

t
7

smt = t
1 h >

3! 5! 7!

where ! denotes a factorial number, i.e., 3! = 1X2X3=6,
etc.

Substituting,

L
7,

kH
,

/W Wl"
,

\
dy = dli kP h

V 3! 5! 7! /

Integrating,

J^/3 J-3/7 1.5711 1-7715M__fc,fcJ 1 _ ^ ^

3 42 1320 75600

Restoring $ for kl2
,

= 1$ _ IjJ Z0
5

_ #7

^

3 42 1320 75600

where <j> is in 7r-measure, coming from the development of the

sine in series.

For 4> in degrees (<!>
= < = .017 453 <),

V 180 /

y = I [} (.017 453) - A (-017 453)
3 3

+ TAff (.017453)
5^

05- 7^00 (.017 453)
7
^>

7
+].

The series in the brackets converges rapidly and can be

readily tabulated. Placing it = C,

y =
1C, ....... (29)
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where C varies with <; it can be taken from Table V, with

< as argument.
Since C increases nearly as <, and < increases as I

2 by (27),

y increases nearly as P, instead of as I
2 as for the circle.

From Fig. 11a,

dx dl cos 4>

= dl cos fcP, since $ = kl2 by (27).

The expansion of the cosine in terms of the angle, by Trigo-

nometry, is

. , t
2

,

t< t .

cos t = 1 h *

2! 4! 6!

Substituting,

"

2! 4!

"
6!

Integrating,

a

Restoring < for kl2
,

x = I

For $ in degrees,

1.275 Jf4J9 i-6713

ai-Z- + - + .... (30)
10 216 9360

x -I I I

10 216 9360

>
2 -

ah (.017 453)
4 ^ 4

C017 453)^ 6-L

Placing the series in the bracket = E,

x = l-lE, ....... (31)

where E varies with 0; it can be taken from Table V with

<j> as argument.
25. Coordinates of Center. Since the increment to

the central angle, d<j>, is in ir-measure, = arc dl divided by
radius of curvature p, we have from (26),

<.,, ..JL. ...... (32)
d$ 2kl

At the PCi, P = R, the radius of the circular curve; $ =
/,

the central angle of the circular curve from PC to PCi.
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Therefore, from (27) and (32),

lj ~2R

[25.

(33)

where h = the length of the transition curve to PCi.

5730* tTO T 180
'y
L I =

7T

But R =
D

/0==
2̂00

= 28.65 ->
R

D
11460/1*

(35)

If Zi and 2/1 are the coordinates of PCi, and x', F, those

of the PC (see Fig. 12),

F =
2/1
- fl (1

- cos /)

a?' = xi R sin 7
(36)

while the coordinates of the center will be x' and F + R.

It should be noted from (34) that the central angle for the

transition curve is one-half that of the circle to which it con-

nects for the same length, or that its average curvature is

one-half as great.

The following approximate formulas are often convenient :

F = .07i

-xi = .0075

2/i
= .291

. . . (37)

where l\ is in stations.

These will give F and x' to within .01 foot for~F]< 5 feet

on the flat curves.

* If curves from 8 to 16 are run with 50-foot chords, from 16 to 32

with 25-foot chords, from 32 to 80 with 10-fo.t chords, and all sharper
than 80 with 5-foot chords, the above value will be correct to the nearest

foot. The accompanying tables are computed on this basis. (See p. 126.)
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26. Deflection Angles. With the instrument at sta-

tion 0, Fig. 12 (PTC, or PTi), the tangent of the deflection

angle do for the chord from O to any point on the curve can

.PTC
IF"

OF THE

UNIVERSITY
OF

be found by dividing y by x, using the values from equations

(28) and (30), thus:

II H2
tan do = * =

x 3
.009 523W

+ .000167/c 5
Z
10+.

The expansion of the angle in terms of the tangent is, by
Trigonometry,

t = tan t
-

J tan3
1 + I tan5 1- .

Substituting, and retaining nothing higher than fc
5
,

72

d = - .002 823 kH* - .000 068 fc
5
Z
10

3

= in* - .002 823 73n 6 - .000 068 75n10
,

3

by using for k its value / -5- IJ from (33), and calling the ratio

I

do and 7 are in 7r-measure : to reduce to degree-measure, mul-

tiply by -- = .017 453, giving
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Y n6 - .000 000 001 53
(-Yn

10
. (38)

_/~
3
n

The deflection thus increases as the square of the distance,

approximately, and is equal to one-third the central angle

subtending the same arc, nearly, as compared to, directly

with the distance and one-half the central angle, respectively,

for the circle.

With the instrument at an intermediate point, x", y",

t, _ 1," Tf

tan d" == V- E- = -
(I

2 + I"2 + II")x-x" 3

+ fc
3
[icn>(Z

6 + I"*) + 7
3
<y (W + H"*)

+ iih? (W"2 + W" 4 + ^
3
^
//3

)] + fc
5
1-000 167 (Z

10 + Z"10)

+ .002 909 (Z
9
Z
/r + ZZ"9) + .008 985 (Z

8
Z'

/2 + Z
2Z"8)

+ .016 604 (Z
7Z"3 + Z

3
Z
//7

) + .024 223 (Z
6Z" 4 + Z

4
Z
//6

)

+ .027 556 Z
5Z" 5

].

From which, by finding the value of the angle in terms of the

tangent, and substituting the value of k as before,

d" =
(Z

2 + I"2 + II")
- Correction

3 I,
2

d" = (n
2 + n"2 + nn") - Correction

3

.(39)

The Correction contains the terms involving 73 and 7 5
,

which are small for values of / less than 60.

Formula (39) will give the angle between the zero tangent
and any chord with ends at distances I and I", or fractional

distances n and n", from the origin; and it allows of running
the transition curve by the deflection method in either direc-

tion and with or without intermediate set-ups as may be

convenient. The correction term has a maximum value of

11.5' (for 7 < 60), which may be avoided by properly

arranging the instrument points, as will be shown later.

27. Deflection Tables. Tables covering the ordinary

range of practice are more convenient for deflections than

formula (39). They are arranged by assuming a series of

chord lengths, strictly arc lengths, for any given increment of

curvature, Each chord length gives a transition curve which
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fits a series of circles at the chord points, the degrees of cur-

vature being multiples of the transition curve increment,
while the different chord lengths give different lengths of

transition for the same circles.

Thus the first curve of Table IV, with 100-foot chords per

J connects with a i curve at the end of the first chord, with

a 1 curve at the end of the second chord, and with a 3

curve at the end of the sixth. To reach the sharper curves

the transition curve increment is increased, while the chord

length must be small to conform to the requirement of 50-

foot chords for 8 curves, 25-foot chords for 16 curves, etc.

The deflections in Table IV are given for all the chords

radiating from each chord point (until the sharper curves

are reached), and for the tangent at each chord point (total

central angle /), which allows of setting up at any or all

chord points as readily as on the circle.

It should be remembered that these deflections are all

angles with the zero tangent and they must be used as

such, no matter at which chord point the instrument may be

set up.

The tables also contain the long chord for each chord point,

or the distance of each chord point from the zero end of the

curve. This may be of use in passing obstructions, or in

passing up to any point of the transition curve without

running the intermediate portion. It may also be used for

computing the coordinates for any chord point of the tran-

sition curve by multiplying the long chord by the sine and

by the cosine of the corresponding deflection angle.

For properly locating the transition curve and the circle

with reference to the tangents and the PI, the values of the

offset F are given from (36); also the distance e to subtract

from - to give x'
\
x' = - e } ,

and the excess in length
2 V 2 /

e
f
of the transition curve over the portion of the circle and

tangent replaced for the allowance in stationing when the

offset method is used for the transition. If the degree of the

curve is not given in the table the end chord will be fractional

and the last deflection can be computed by (39). If running
from the circle to the transition locate and move up to- the

first regular chord point, and then the tabular deflections can

be used as usual,
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28. The Offset Method. It was shown in Fig. 11 that

the effect of the transition curve, when the tangents are fixed,

is to move the center of the circle away from the PI far

enough to leave offsets F at the PC and PT\ these offsets

in the alinement are removed, so to speak, by swinging the

ends of the tangents and circle over to form the transition

curve, work which it is not usually necessary to do accurately

until the roadbed is completed.

On this account it will usually be most convenient during
location and construction to simply pass from the tangent
to the circle, or vice versa, by means of the offset F without

running the transition curve. The transition curve is longer

than the sums of the portions of the tangent and circle re-

placed, corresponding somewhat to the hypothenuse of a

triangle with the offset for altitude, and this difference (e' t

Table IV), when appreciable, should be allowed for in the

station numbering. The change for convenience is made at

the PC and at the PT, the same as the difference in length

between the circle, and the sum of the tangents is subtracted

from the station numbering of the PT when the latter is set

from the PI and the tangent continued without running the

circular curve.

In using the offset method two hubs are required at the

PC and two at the PT, one at the PC or PT proper, and the

other on the tangent opposite, the distance between being F,

one being set as a foresight and the other by offset. TEe
instrument when brought up to the PC is placed over the

offset hub, requiring the backsight to be similarly offsetted
; or,

with a table of natural functions, the vernier may be set to

cot" 1
(distance / offset);

or, if the offset is small, at the angle in minutes

= offset

.029 X distance in stations

If backsighting on a curve the offset should be multiplied by
cos .(nD/2),* and the long chord taken for distance, in the

above expression, when failing to offset the back flag.

* n distance in stations
;
D = degree of curve.
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If intermediate points on the transition curve are needed

during construction, measure ordinates from the tangent pro-

portional to the cubes of the distances from the PTC, or from

the circle proportional to the cubes of the distances from the

PCi, F being about double the ordinate at the PC.

29. The Deflection Method. In this method the PTC
and the PTi, see Fig. 11, must be located rather than the PC

or PT as in the offset method; each is distant x' or -
e,

2

from the point opposite the PC or PT, measured along the

tangent. Having located these points, set up at the PTC
and sight on the PI or other tangent hub with the vernier at

zero and run in the transition curve by the deflection method,

using the proper chord length and deflections from Table IV;

setup at the PCiand backsight on the last hub with the vernier

set on the inside of the zero at the difference between the

deflection for the chord used and that, /, for the tangent.

This will bring the zero on the tangent common to the tran-

sition curve and circle ready for running the circle from the

PCi to the PTCi with a central angle = A - 2 7. At the

PTCi add / to the angle which the backsight chord of

the circle makes with the tangent for the vernier reading for

the backsight, so that the zero will be parallel with the zero

tangent of the transition curve, and make the angle / with

the tangent at the PTC\. The curve can then be run by the

deflection method, taking the proper data from the table.

The stakes on the transition curves as thus run will not be

at regular stations, which is not important for track centers.

If the regular stations are needed for construction they can

be interpolated by eye from those already set, or they can

be put In directly by the deflection method by referring back

to (39) for vernier readings, taking the correction term, when

necessary, from Table VI.

30. Best Length of Curve. The rate of change in eleva-

tion of outer rail recommended for ordinary practice in the

Manual of the Maintenance of Way Association is 1 inch in

60 feet, with a maximum elevation of 8 inches. This would

give 480 feet as the ordinary maximum length of transition

where the curve is sharp enough or the speed high enough to

require the full elevation. For flatter curves or slower speeds
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the elevation is given in Table XIII, from which the corre-

sponding length can be found.

In easy country with long tangents, flat curves and long
transitions save distance and allow of high speed. If carried

too far the cost of maintenance will be increased, for curved

track costs more for maintenance than straight.

In difficult country with short reversing tangents, sharp
curves and short transitions may save both curvature and
distance for the same ground or cost of construction by allow-

ing the P/'s to come closer to the alinement, and this should

be given due consideration in connection with the require-

ments of speed and safety.

On short tangents and short curves short transition curves

will be required to prevent serious overlapping. On the other

hand, a circular curve with transition ends leading to the tan-

gents will usually approach nearer to the shape of a contour

around a spur or up a narrow valley than a circular curve with

tangents, thus using the longer curves in extending the com-

binations available for fitting the ground in rugged topog-

raphy. This flexibility will also be found very convenient in

running track centers over crooked portions of the line, as

the line can be better fitted to the roadbed, and small dis-

crepancies in rerunning the curves from imperfectly recovered

points can be taken care of in the offset, as any offset within

the limits of the tables can be used by interpolation.

31. Tangent Distance with Transition Curves.

Given the central angle A, the degree of the curve D, and

the offset F, to find the tangent distance T'.

It will be convenient, but not necessary, to take F from

Table IV.

The effect of the transition curves is to move the circular

curve from the position HLM to ENE', the perpendicular dis-

tance between the tangents being F. In the right triangle

JCB,

JB = (EC + JE) tan-,

or

T' = (R + F) tan - (40)
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Also

r-r + Ftan- , (41)
2

T, = R tan being the tangent distance without the tran-
2

sition curve, found by Table III, or by computation.
If the curve is to be run by deflections, x' must be added to

T' to reach back to the PTC, giving

(42)

x' can be found from Table IV.

EXAMPLE. Write out the transit notes for a 6 curve, with
PI = sta. 721 + 52.7; A = 17 21'; F = 2.51 ft., requiring six

40-ft. chords by Table IV with 7=7 12'. e' =
.02, which may

be neglected.

J H

Fig. 13.

OFFSET METHOD

By (40), Tf = (955 + 2.51) tan 8 40 J'
= 146.1.

Length of curve = = 2.892 stas.
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TRANSIT NOTES.

Sta. Point. Curve or Bearing. Vernier.

+ 95.8 O PT, F = 2.51 S. 35 30' W. 8 40^'

2 5 48
1 2 48

+ 6.6Q PC, ^ = 2.51

720

6R.
S. 18 W.

DEFLECTION METHOD FOR TRACK CENTERS.

By (42) and Table IV, T" = 146.1 + 119.9 = 266. 7 = 7 12'.

A - 2 /
Length of circular curve = = 0.492 stas.

Sta. Point.

TRANSIT NOTES.

Curve or Tr
Vernier.

Bearing.

724 + 15.9O PTi S. 35 30' W. 2 24'

+ 75.9O PTC i

3 28

5 04

Remarks.

Vernier = 2 24' for

B. S.

Vernier = 8 40|'
for B. S.

721 + 26.7 PC i

5
4
3
2

1

+ 86.7O PTC

6R.

718 S. 18 W.

2 24 Vernier = 4 48' for

B. S.

(
= 7 -2 24').

(These settings for

1 04 B. S. give on
the tang, for PCi

16 and PTi, and /
on the tang, for

PTd).

The odd chord points are omitted and 80-ft. chords used, as

the circle is run with 100-ft. chords.
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33. Tangent Distance with Unequal Offsets. From

Fig. 14,

sin A tan A

2 sin A tan A

T + BH-GH

sin A tan A

sin A tan A

(43)

. . (44)

EXAMPLE. Compute the data for a 4 curve PI = sta.

54 + 35.6 ;
A = 30 15'

;
F2

= 3.77 ft.
;
F3

= 0.75 ft.

By (43), r.-ar
'75 3 '77

.5038 .5832
' 382.2.

(44), ^= 387 -i9+s-ii= 393 -4 -

A
Length of curve = = 7.5625 stas.

Table IV, e
f at PC =

0.1,

at P:T=O.O.

.*. PC = PI - To + e' = 50 + 53.5, with F = 3.77.

PT = PC + L + e' = 58 + 9.8, with F = 0.75,
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No further attention need be given the transition curves, except
to allow the proper offsets, until track centers are required.

Problem. Write out the transit notes for Ex. 1 for track,

centers.

33. Transition Curve added without changing the

Position of the Line opposite Vertex. Let E be the

external for the old curve, and E' that for the new. In

Fig. 15,

PN=BN-BP.

E' = E - Fsec -

2
. . (45)

V- T
Fig. 15.

Divide the external distance for a 1 curve, Table III, by

D, for E, or compute it from E R f sec 1
)

Then

find E' by (45), and divide the external for a 1 curve by it
|

for D', the degree of the curve required.

D r can always be changed to the nearest whole minute

for convenience in running without sensibly disturbing the

required position.

It will be larger than D.

EXAMPLE. A 4 curve beginning at sta. 80 and ending at

sta. 85 is to be replaced by a curve with a 1-ft. offset passing

through the same point opposite the vertex.

Required the field notes, running the entire curve with a

transit and using regular stas.



Eq. 46.] TRANSITION CURVE 47

Table III- for A = 20, external for 1 curve = 88.40, tangent
= 1010.4.

/. # = 22.10, T= 252.6.

#' = 22. 10 --^- = 21.08;
9oo

CO Af\-
21.08

= 4 ll'.G, say 4 12';

7" =^+.2 = 240.8.

By(37) '

''"V-oTTD'"
1 '81

xf = 90.6 feet.

By (34), ^"^oo""
30 '805 *

20-2X3.805
(

Length of circular curve = = 2.95 stas.

PTC= sta. 80 + T - T' - x' = 79 + 21.2.

The deflections are computed from (39).

TRANSIT NOTES.

Sta. Point. Vernier. Remarks

+ 78.6 O PTi 1 16' Vernier = 116' for backsight.

5 2 3.3

4

+ 97.6 PTCi 6 12 Vernier =10 for backsight

3 4 9

2 23
+ 2.4 O PC i 1 16 Vernier = 2 32' for backsight

1 .1 13.8 (
=7- 1 16').

80 14.4

79 + 21.2 PTC

34. Transition Curve added with the Least Deviation

from the Old Roadbed, in improving Old Track. For

this case the new track should pass about as far outside

opposite the vertex as it passes inside opposite the PC, or

about F I 2.

/. E' = E-Fsec---; . . (46)
2 2

the problem otherwise being the same as that given in 33.

Instead of F / 2, any other value can be used as desired.
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35. Transition Curve added without changing the

Length of the Track, to avoid cutting the Rails. In

Fig. 16, let A and H be the PC and PT for the old track;

G and G' the PC and PT, and 0' the PTC and PTi, for the

new track.

Fig. 16.

By the old line,

Dist. from to 0' = OA + arc AH + HO'
= 2 OA + #A
= 2 (T + x' - T) + #A

= 2 I (#'+ F)tan-+z'-#tan- }

V 2 2/

where A is in 7r-measure = .017453 A.
By the new line,

Dist. from to 0' = 2 (x
f + e') + arc GG'

= 2 (x
f + e') + fl'A,

where x' and e' are taken from Table IV.

Placing the two values equal,

fl'A + 2 (x
f + e')

F) tan - + x' - R tan
"

2
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;
(47)

.01745 #A - 2 (R - F) tan - -2e'

.01745 A- 2 tan-
2

.008725 (R
f - R) A + e' + (R - R') tan -

2
. (48)

tan-
2

This problem is usually limited to small values of F or to

small changes in R, so that e' is practically known. For larger

changes a second trial may be necessary.

EXAMPLE. Track has been laid on a 5 curve 900' long.

Required the data for transition curves without changing the

length of the rails. Assume F=1.5 ft., as it will give a fairly

easy transition without too great shift of track.

Table IV ;
e' = 0. Also, A = 45 ; R = 5730/5 = 1 146.

,
899.90 - 948.13 - .00

(47) '
Rf

.78525 -.82842

Changing R' to 1116.2 ft.,

D'-508'; L' = 45/5.133 = 8.767 etas.; T' = (1116.2 + 1.5) tan|
Zi

= 463.0; T for the old curve = 474. 7, requiring the PC to be
moved forward and the PT to be moved backward 11.7 ft.

Zi = 200.9 ft.

With stakes 100' apart up to 8 curves, it is unnecessary to run
the transition curve with an instrument; the transition curve

bisecting F at the PC; x' measured back on the tangent locating

PTC, and /, = ZiD/200, locating the PCi, each being distant

h/2 from the PC for so short a curve.

36. Transition Curve added without disturbing the

Central Portion of the Circular Curve. To make room
for a given offset F, the end of the circular curve must be

sharpened by compounding, and to prevent too great a

difference in curvature at the PCC, the change should be

limited to, say, 1 to 2, i.e., D' - D < 2.

The two circular curves are tangent to each other at (j,

Fig. 17, and the angle between them increases directly with

the distance. Hence the offset from one to the other must
increase with the square of the distance so long as the angle
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can be taken proportional to its sine, and the distance can be

taken the same by either curve.

At 100 feet from G,

Offset = 100 sin J (D
f - D) = 50 sin 1 (D'

- D)

Hence at n stations from G,

Offset = } n2
(D'

- D)* approximately, or,l ^
F < I n2

,
for (D'

- D) < 2.
J

'

From this approximate value of n assume a convenient >

A

Fig. 17.

Then in Fig. 17,

HE = AC - AH - CE,

or, R'= R -F - (R - R') cos Ai,

from which F
(50)

1 cos Ai

Having R', the transition curve can be put in as usual.

For flat curves and short transitions the problem can be

simplified as follows:

* This formula is very convenient in location, in computing the change
of curvature required for a given offset. When Z>= 0, it reduces to

F= I n-D,
the offset from a tangent to a circular curve.
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Assume the PCi from 100 to 200 feet from the PC; meas-

ure the perpendicular distance y\ to the tangent, and the angle
I which the curve at the PCi makes with the tangent. If

the curve is regular and the PC can be accurately found, y\

and / can be computed from AG or n. The coefficients C
and E of equations (29) and (31) can be found from Table V
with / as argument, giving

xi = h - hE (52)

Measure x\ back on the tangent from the foot of the per-

pendicular at PCi for the PTC. One or two intermediate

points can be located by coordinates by Table V, by measur-

ing ordinates proportional to the cubes of the distances from

the PTC, or the curve can be run with transit, computing the

deflections by (39).

An approximate value of li can be found from (51) by sub-

stituting the first term of the equation above (29) for C,

giving

h = 3yi

.0174537'

By the footnote to (49),

2/i=f n*D.

Substituting,

h= 150 n2 -,
7

or

li = 150 n; (53)

i.e., the length of the transition curve is once and a half that

of the circular curve from the PC to the PCi.

The degree of curvature at the PCi as found by (34) will be

jy.mil.
h

by (53)

200 7 200 ^
150 n 150
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or

D'= JD. ...... . (54)

The method is thus admissible to 3 curves if the break in

curvature is limited to 1, to 6 curves if the break is limited

to 2, etc., independent of the distance from the PC to the

PCij or of the amount of old track disturbed.

It can be extended to the case where there is an offset be-

tween the tangent and the circular curve at the PC, if desired;

although it then offers no advantages over the regular methods

already given, while it has the disadvantage of usually intro-

ducing a break in curvature at the PC\. As the offset at the

PC increases relatively to the offset yi at the PCi, the break

in curvature decreases, reaching zero when the ratio becomes

1:4; the transition curve having the natter curvature (D
r

<D)
at the PCi for all greater ratios.

EXAMPLE. Find the data for a 4-ft. offset for a long 12 curve
without disturbing the central portion.

(49), 4 < J rcz, giving n > 1.51.

Assume AI = 24, giving

(50), ^ =
477.5-^-1^

= 431.23.

Table I,
' = 13 17'.

24
The PC will be moved forward, = 200 - 100 = 19.3 ft.

(37), with F = 4 ft., Z>'= 13 17', gives Zi = 203.8, z'= 101.7.

I =^ = 13.535
;
PC to PCi = Zt/2 = 101.9 .

^uu

The deflections can be found from (39), or the coordinates
from Table IV or V.

By the second method; assume the PCi, say 100 feet on the

curve; the PTC by (53) will be 50 feet back on the tangent; and
the middle ordinate will be | that at PCi ;

the latter being readily
measured on the ground, or it can be computed. The break in

curvature at the PCi, however, will be by (54) Z)'-Z> = fxl2-12
= 4, as compared with 1 17' at the PCC by the first method.
The former cannot be reduced, while the latter can be by diminish-

ing F, or by increasing the distance from the PC to the PCC.

37. Compound Curves. The break in curvature at a

compound point requires a change in elevation of outer rail

and a transition curve the same as a break of the same amount
at a tangent point.

The relation of a transition curve to a compound curve
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can be seen from Table IV, which gives the curvature at each

chord point of the transition curve and shows that the portion
of the curve between any two chord points forms a transition

curve connecting the two circular curves the same as the

portion from the zero end or PTC to any chord point forms a

transition curve from the straight line to the curve. The

only difference in running the curve is that it is run between

intermediate chord points instead of from the zero end to a

chord point, the deflections still being angles with the zero

tangent.

If the PI and tangents to the compound curve are fixed

it will be necessary to find the distance between the centers

of the circles, or the offset at the compound point, in order

to find the tangent lengths and check through in running
the entire curve. In Fig. 18, let C be the center of the

Fig. '18.

sharper curve of radius R and degree D; C", that of the flat-

ter curve of radius R" and degree D"; F2 ,
the perpendicular

distance E'J' between the curves on the line joining their

centers; OG"G, the transition curve, joining the first curve

at G, the PTC^ the second at G", the PC2 ;
and its own tan-
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gent OB (not the tangent to the compound curve) at 0, the

P77

2 ;
ll} the length OG; I", the length OG"; fc, the length

used (/"(/; 62', the excess in length by using the transition

curve; and J' the PCC.
The lengths for the portions I", 1% and h can be taken from

Table IV for the respective chord points, or proportional to

the increments of curvature.

The coordinates for the center C are OJ and JE + EC, or

x' and F + R for the D curve, while those for the center C"
are OJ" and J"E" + E"C", or a*' and F" + R1 '

for the

D" curve.

In the right triangle HOC", HC and HC" are known from

the above, giving

tan i = x' -x*/HC
HC" F"+R"-F-R'

cc" = = VHC'+ HC"*;
cos i

F2
= R"-R-CC"'

t

GE', or PrC2 to PCC= -

J'G", or PCC to PC2
=

D
i- I"

D"
100;

ej = 12
- (GE'+J'G") - arc excess;

= Z2 100 f- H--
J

arc excess;

(55)

where
"
arc excess

"
is the sum taken from Table II

for^the
proper lengths for the two circular arcs.

Computing F% and e2
f
for different cases, they are found

to be the same as given by Table IV, with D D" and k
as arguments, up to about Dli = 8000; i.e., up to D= 12,
Zi=660'; Z)=20, /i

= 400'; etc. For greater values, F2

should be computed by (55) for accuracy, although the

error is not large for much greater limits.

Computing GE\ the distance from the PTO to the PCC
on the sharper curve, by (55), it is found equal to k/2, up
to about Dli = 4000; leaving J'G", the distance from the

PCC to the PC2 on the flatter curve, = (fe/2)
- e - arc



Eq. 55.] COMPOUND CURVES 55

excess. For much larger values these distances should be

computed by (55).

Hence in using the deflection method take out a curve from

Table IV, which will give the desired length between the

proper chord points, and take out F2 ,
not for either chord

point, but for the length corresponding to /2 ,
the difference of

the chord points. Then GE', the distance from the PCC to the

tangent point of the sharper curve = fe/2; J'G", the distance

to the tangent point of the flatter curve, = (/2/2) e'2 arc

excess for both circular curves taken from Table II. Lay
off GE' and J'G", locating the tangent points PTC2 and PC2 ;

then set up at either one and run the curve from the deflec-

tions given in Table IV.

If Dli exceeds the limits given above, Ft, e2 ', GE' and J'G"

must be Computed by (55) as already indicated.

If the degrees of curvature of the two branches of the com-

pound are not given in any curve of Table IV the end or ends

may be interpolated as also F2 and the corresponding deflec-

tions, or ^2, may be computed by (55) and the deflections

by (39).

In using the offset method it will be more convenient later

to take F2 on the basis of Table IV, while e2 ', if important,

should be allowed for in stationing.

EXAMPLE. A 10 curve compounds to a 4 with a 3.92 ft.

offset at sta. 196 + 40. Find the data for running the transition

curve by the deflection method.
Table IV with F2

= 3.92 and D 2 (
= D - D") = 6 gives /2

= 300 ft.

and r = 200 ft., /i
= 500 ft.

>=10, /i = 500, gives 7 = 25, F= 18.05, z' = 248.4; for D"
= 4, Z" = 200, gives /" = 4, F" = 1.16, xS =100.
Table I gives R = 573, R" = 1432.5.

Dh > 4000, requiring a computation for GE' by (55) for strict

accuracy.
. =_248.4 - 100 = 148.4~

1.16 + 1432.5 - 18.05 - 573
"
842.61

'

giving i = 9.989.

25 -9.989

~ 4
100 = 149.72 ft.

4

sta. 196 + 40- (1 + 50.1) = 194 + 89.9;

PCZ
= sta. 194 + 89.9 + (3 + 00) - 197 + 89.9.
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Table IV, instrument at PTC 2, or chord point 10.

Tangent at CP 10 = 25 00'

Deflection for
"

9 = 22 35.
" "

8 = 20 20.

4=12 59.8.

Tangent at
" 4 = 4 00.

Zero at PTCz makes an angle = 25 with tangent to 10 curve.

Tangent at PCz makes with backsight an angle = 12 59'.8 - 4
= 8 59'.8.

For the offset method, e2
' = 300 - (150.11 + 149.72)

- .05

.03 =
.09; requiring the stationing to be increased 0.1 at

the PCC to allow for the increased length of the transition.

38. Transition Curve added at the PCC of a Com-
pound Curve by changing the Degree of the Second
Branch Draw a tangent AB = T at the PCC, Fig. 19, to

meet the tangent at the PT at B, and measure AB and A.

PT

Fig. 19.

Let the required tangent be T'.

In the right triangles BJH and BEG,

GE = BH= FcotA.

.'. T' = T F cot A; (56)

where the plus sign is for the second branch sharper than the

first, and the minus sign for the second branch flatter than the

first.

To find D', divide the tangent for a 1 curve, Table III, by
T' or

2 R'

Having D', proceed as usual.
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If an offset F' is added at the PT also, T' will be shortened

u F'

by > giving
sin A

!T"= T FcotA --^-, - - (57)
sin A

with which proceed as above.

An offset is readily added at the PC if desired, from what
has already been given.

EXAMPLE. A 20 curve compounds to a 12 at sta. 844, with
the PT at sta. 850.

Required the data for a 3-ft. offset at the PCC and a 7-ft.

offset at the PT.

A = 72; F = 3; F' = 7; !T = 72 tan
|
= 346.9

By (57), T" = 346.9 - 3 X .325 = 338.5.
9ol

12.3 = 12 18'.
338.5 X 1.37638

The new vertex comes opposite a point on the tangent back of

the old by an amount
F= + F' cot A

sin A

=
-^r + 7 X .325 = 5.4 ft.,
.yoi

which places the new PT back of the old an amount
= 5.4 + (346.9 - 338.5) = 13.8 ft.

39. Transition Curve added at the PCC of a Com-
pound Curve by moving the PCC. Let Ri = the radius

and C the center of the first branch; Rz = the radius and

Ci the center of the second branch
; A2 = the central angle

of the second branch; A2
' = the required central angle

with the offset F added at the PCC; A2
" = the required

central angle with the offset F added at the PCC and F2

at the PT.

(a) R2 <R 1 (Fig. 20).

With C as center and Ri R2 F as radius, describe the

arc GG' to meet a parallel to the tangent at PT drawn through
the center Ci. G will be the new center required, and J the

new PCC.
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In the right triangle CC\Kt

CK = CCi cos A2
= (Ri

- ft) cos A2 .

In the right triangle CGK,

. /
CK

cos A/ = ;

CG

cosA2
' =^ - ft) cos A2

ft-ft-F

Fig. 20.

With an offset F2 at the PT, G' will be F2 farther from

AB than G, giving

cos A2
" =

cos A2
"

ft> ft (Fig. 21).

-
Ri) cos A2 ;

. . . (59)

ft -ft - F

Or, with offset F2 at PT,

// (ft - Ri) cos A2 +=

..... (60)

A /

COSA2
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PC

EXAMPLE. A 6 curve which begins at sta. 672, compounds
to an 18 at sta. 680, with a tangent at sta. 685. Required the
data for an offset of 5.01 ft. at the PCC, and 32 ft. at the PT.

(59), cosA 2
" =

giving A 2
" =

PCC =680 + -

90; F = 5.01; F2
= 32 ft.

(955-318.33)0-32
955 - 318.33 - 5.01

'

92 54'.

A 2 - A,'
= 679 + 51.7;

PT 679 + 51.7+ -
D^

2
' = 684 + 68.0;

taking e2
' from Table IV, for D= 12, ^ = 5.01.

The deflections for the transition curve can be taken from Table
IV for 20-ft. chords per 1.

40. Old Track. The problems already given will suffice

for all the ordinary cases in alining old track, where the curves

are short and the tangents can be run to intersect at the PI,
or can be connected across by a single tie-line.

With long sharp curves, where the roadbed usually lies in a

deep cut or high fill, so that it is inconvenient to prolong the

tangents to intersect, other methods will be found more de-

sirable. On account of the trackman's habit of springing the

tangent points in, making a sort of transition curve in his
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effort to secure an easy-riding track, the degree of curve can

best be found by setting up on the central portion, and noting
the deflections per station each way from the instrument. A
value can then be assumed, and a trial line extended through
in each direction, noting distances from the center of the

track at different points, and especially at the ends, in order

to determine the offsets to the tangents.

The change in deflection, when small, required to pass the

line through any given point can be found from (49),

Offset = J n2 (D
f - D) =

I n2
(d

r -
d);*

where n = distance in stations, D and d the trial degree of

curve and deflection, respectively, and D' and d' the required

ones.

The change in the position of the first instrument point with

reference to the center line, and the deflections which will best

fit the roadbed, can thus be readily found. Slight changes in

deflection, starting at instrument points, are admissible in

order to lessen the shift of the track, the effect being to com-

pound the curve slightly; while any slight discrepancy in the

work can be thrown into the offset at the tangent and taken

care of in the transition curve.

If in thus fitting the roadbed a suitable offset cannot be

secured for the transition curve without too great expense for

track work, the end may be compounded by one of the

methods of 36. If the track is shifted more than, say,

2 feet, the estimated cost of track work should include the

extra cost of maintenance, due to the settlement of the ends

of the ties on the new roadbed.

If the original curve is compound, the PCC will be diffi-

cult to find directly with accuracy, owing to the approximate
transition curve introduced by the trackman. In running the

trial line which fits the first branch of the compound curve,

the distances from the center of the track will begin to increase

in passing onto the second branch. Measuring two of these

and substituting in (49),

Offset = f n2
(D' - D);

Offset' =
I (n + I)

2 (D
r - D);

* Searles's Field Engineering, Table X and 14G-152, on the valvoid

curve, will give more accurate results, but with more labor.
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from which to find n and D r

,
the other quantities being known.

Or, D' can be found directly in the same manner as D, when
one measured offset will give n, or the distance from the offset

to the PCC.

Having the PCC, if the change in curvature is great a

transition curve can be added by the methods given in 38,

39. Or a short transition curve can be added without chang-

ing the main portion of either branch of the compound curve

by sharpening the sharp curve, and flattening the flat one by

say 1, for a distance n from the PCC, so that the two changes
will give the desired offset by (49). The curvature on one

side will thus be increased as much as it is flattened on the

other, leaving the two branches parallel at the PCC2 and at

the offset distance apart. The transition curve can then be

run by 37; or, with a close approximation for short transition

curves, by taking the ordinates starting from the PTrC2 ,
or

from the PC2 , proportional to the cubes of the distances,

that at the PCC being one-half the offset. Or by the method
in use with the Holbrook spirals: set up at the PC2 ,

and

measure the angle between the tangent at that point and the

line to the PJFC2 ;
take out the deflection corresponding to the

flat curve for the entire distance, and assume the remainder to

be due to the transition curve; intermediate deflections to be

made up of the flat curve deflection proportional to distance,

and the transition curve deflection proportional to the square
of the distance.

Monuments should be placed at each end of each transition

curve, so that the trackman may know where to begin his

curvature and elevation of outer rail, and where to reach the

full value required for the circular curve.

41. General Case. The transition curve adds materi-

ally to the flexibility of the alinement, as already indicated.

It also simplifies the field-work during location on crooked

alinement by allowing, after the line has been fairly well fitted

to the ground, any tangent or any curve to be studied by
itself and shifted within the limits of the offsets if its position

can be improved thereby. Many of the complicated field

problems can be simplified by running trial solutions; it often

being easy to bring the last curve within the range of offsets

of the tangent, and then use a transition curve.
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To find the PT and offset F between a circle and tangent
which do not quite intersect or touch:

Run the curve to a convenient point A, Fig. 22, where it is

approximately parallel to the given tangent; set up the instru-

Fig. 22.

ment and measure the angle AI between the tangent proper
and a parallel to the given tangent; also measure the perpen-
dicular AB.

Dist. to PT = AG = -

D

Offset F = AB -AGsm-.

Or, sight from any point A near the PT to any point H on

the tangent, and measure the angle A2 between this line and

the tangent proper at A] set up at H and measure the angle

A3 between this line and the given tangent; also measure the

distance AH.
A! = A3 A2 ,

AB = AH sin A3 ;

giving the same data as above.

EXAMPLE. A tangent joins a 6 curve to the left at the PT
at sta. 824, and a 20 curve to the right at the PC at sta. 831.

If the tangent be moved 3 ft. to the right at sta. 824, and 48.5 ft.

to the left at sta. 831, to fit the ground better, find the data

required.

Each central angle will be increased by tan- 1

^7^r~
= 4 12^',

700

lengthening the 6 curve by 70.1 ft., and the 20 curve by 21 ft.

The first offset F = (R + 3) cos 4 12i' - R = 0.42.

The second offset F' = (R
f + 48.5) cos 4 12^' - R' = 47.60.

The length of the new tangent is best found when restaking it;

it can be readily computed if desired.
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42. Description of Right of Way. The ordinary

description for right of way calls for a given width each side

of the center line, and then describes the center line as being

so many feet along a tangent of a certain bearing, then along
a curve of given degree, etc.

When a transition curve is added, it will be sufficient in

describing the center line to note the offset thus: "Thence

along a tangent N. 20 W. from sta. 1081 to sta. 1086 -f 50, a

distance of 550 feet; thence along a 6 curve to the right to

sta. 1091, a distance of 450 feet, there being an offset of 0.4

feet at the beginning of the curve, and one of 0.5 feet at the

end for transition curves to connect the circular curve and

tangents; thence along a tangent N. 7 E. to sta. 1102, a

distance of 1100 feet," the variation in transition curves for

a given offset not being sufficient to seriously affect right-of-

way lines.

43. Transition Curves without Tables. The approxi-

mate values for F and x', (37), are easily remembered and they
will allow of locating the tangent points for circle or transition

curve for any assumed chord length or total length of transi-

tion within the given limits.

By the deflection method F is used only in finding the

tangent distance and it affects this but slightly, so that the

formula may be extended to quite large values of F and

the corresponding values of x'.

A glance at Table VI shows that the corrective term of

(39) for deflections is unimportant for I less than 60 for the

first one-half of the curve with the instrument at the zero

end; for the first three-fourths with the instrument at

the center; for the second one-half with the instrument at the

three-quarters point; and for the last one-quarter with the

instrument at the sharp end. This allows of using the de-

flection formula in the field without the corrective term for

all cases by moving up properly in running the curve. For
/ less than 30 only the three-quarters point need be used as

an intermediate, while for / less than 15 no intermediates

are necessary.

The formulas are repeated for ready reference, I being in

stations.
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F = .07i DP

e =L - x'= .00013
2 _

r , - - - (62)
d = -

(n
2 + rm" + n"2

)

r

3

=
(i

2 + ii" + r2
)

The first is correct to .01 up to about F 5; the second to

.1 up to about Dh = 5000; and the others up to the limits

given just above the equations.

EXAMPLE. Given a 10 curve, to find the data for a transition

curve with 50-foot chords per 2.

F = .07i X 10 X 2.52 = 4.53.

e= .00013 X 10'
2 X 2.5

3 = .20.

x' = L _ e = 125 - .20 = 124.8.

j-fS-txw.

Instrument at zero end, =

2o o
10'.

Deflections = 1, 4, 9, 16, 25, times 10'
=

10', 40', 1 30', 2 40', 4 10'.

Instrument at 10 end.

Deflections = 61, 49, 39, 31, 25, times 10'
= 10 10', 8 10', 6 30', 5 10', 4 10'.

44. Curves given by Radii. For street railroad curves

with radii up to 110 feet or more it is quite customary to give

the radius in feet rather than the degree of curve. Short

transition curves are usually required as giving longer radii

for the same ground. Replacing D by 5730/72 in (62),

F = 415-
R

1
, 4268 1

e = x' =
2 R2

. . (63)

Having I, F and x' the curve can best be run by offsets from

the tangent or from the tangent and circle.
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The circular curve can be swung from the center if the

ground is clear, or run by the deflection method by assuming
a chord length and computing the corresponding deflection

angle. In this case it may be more convenient to use the

deflection method for the transition curve, taking from (34),

7=-^- = 28.65- (64)
200 R

EXAMPLE. A curve with a radius of 46 feet is to be used in

turning a right angle between city streets. Find the data for

laying out the circle with 40-ft. transition ends without an in-

strument.

F = 415 =1.44.
46

e = 4268 =.13, z'= 19.87.

Measure 47.44 ft. from the PI on each tangent for the tangent
points, find the center with 47.44 for radius and swing in the circle

with 46 for radius. Measure from the tangent points x
r on the

tangents and - on the circle for the ends of the transition.

F
Take the middle ordinate = , and those at the 5-ft. points, Q\,

3
8
j, and |}, respectively, of the middle one from the tangent or

circle.

If A is not 90 the center can be found by trial, using R -f- F
for radius, and the tangent points can be found by dropping
perpendiculars from the center. The curves can then be put in

as above indicated.

45. Crossing Frogs. The present tendency is toward

the elimination of grade crossings, but many are still in use

and some on curves. Crossing frogs, unlike turnout frogs,

are special and they may occur on transition curves, es-

pecially for street railroad track. In Fig. 23, let the tangent
at the PTC of the outer rail of a transition curve intersect

the inner rail of a circular track at A at an angle EAD y
and

at a distance AO from the PTC.
To find the Frog C. Plot to a scale of 5 feet to an inch

and measure AC. Compute A from AC and the degree of

the circular curve.
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Fig. 23.

In the triangle ACE, EAC = EAD + - and the chord AC

is known by scale. Find AE and CE by computation, which

accurately locates the point C of the circle with reference to

the PTC of the transition. With the distance OE as x for

the transition find < and y by Table VII.* This accurately

locates the intersection of EC with the transition; its dis-

tance, y EC, from C is the distance from the transition to

the circle. Lay this distance off full size on EC and draw

parallels to the tangents to the sides of the frog at C to in-

tersect, forming a corrective triangle. The side parallel tan-

gent to AH at C will give the distance to add or subtract

for a new AC. The second solution should give the desired

intersection.

The frog angle at C = BAD - $ + A.

Distance OC =
I, found by Table V.

Frog F. Draw the radii at A and B, giving a triangle with

the angle at A and sides R \ g (g
= gage) and R + J g

known. Having B, repeat the process for finding C.

Frog H. Draw the normal HI to the transition; drop IJ

perpendicular to AJ and scale AH and KHI or <

(</> can be

*
/y-^ -will give an approximate value of

<f>
to be used as an argument

for H. A corrected value should be used for the final value of </>
if the

difference is important.
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better found by scaling OJ and computing by Table VII).

Find the angle subtending the arc AH and the distances OL
and HL, as for C. Find IK and HK from g and <. Add
IK to OL for x and enter Table VII for < and y (if < differs

appreciably from the measured value, a corrected value of

IK must be used) . y + HK compared with HL will give the

distance between the two curves as before. Drawing the

full-sized triangle of error, as at C/will give the corrected AH
for a second approximation.

The difference between the I for F and that for C will give

the distance CF between frogs.

FTC E A/

Fig. 24.

If both tracks are on transition curves as in Fig. 24, find

the x for the point C for one of the curves from the plot as

before and compute <f> and y from Table VII. AB and BC
would thus be known: compute AC and BAC. These with

EAB allow AD and DC to be found. Adding AD to the

distance of A from the PTC of the second transition will

give the x for the ordinate DC. Comparing DC with the y
from Table VII will give the distance between the two curves

measured along DC. Laying this off full size on DC and draw-

ing parallels to the tangents to the curves at C will give the

triangle of error as before, from which the correction to x (Ax)

of the first curve can be found for a second approximation.
The values of x and y can be found from (37) as well as from

Table VII, if within the range of the formulas.

For complicated street-railroad layouts a connecting curve

made up of short circular arcs compounded is more common
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as it lends itself rather more readily to computation, but no

difficulty need be experienced with the true transition curve

along the lines as indicated above.

EXAMPLE. Given, Fig. 23, AO = 112 ft. ; angle EAD = 47 01';
4 circular curve on center line; 200-ft. transition to a 20 curve
on outer rail; to find the crossing frogs.

Frog C. AC = 6.2 ft. from a plot to a scale of 5 ft. to an inch.

A for AC = 4 X .062 = 0.248 = 15'. /. BAG = 47 8j'.
CE = 6.2 sin 47 8|' = 4.545; AE= 6.2 cos 47 8j'

= 4.217.

x= 112 + 4.217= 116.217. I by (34) = 20.
Table VII, with x = 116.217, / = 20, gives 4 = 6.771, y = 4.580.

y-CE = 4.580 - 4.545 = .035.

By laying .035 off on EC and completing the corrective triangle
it is found that AC should be increased .055.

AC = 6.255 gives A = 15'
;
BAC = 47 8j'.

CE = 4.585; AE = 4.255; z= 116.255.

This value of x gives <
= 6.776 = 6 46j' ; y = 4.585, = CE.

:. Frog angle = 47 01' - (6 46^') + (0 15') = 40 29^'.

Frog distance from PTC =?x + xE* = 116.255 + .163 = 116.42 ft.

Frog H. AH by scale = 13.6.

x by scale = 121.8, giving <j>
= 7.45 = 7 27'.

A for A# = 4x . 136 = .544 = 32\
f

. BAH = 47 17'.

HL = 13.6 sin 47 17' = 9.992 ; AL = 13.6 cos 47 17' = 9.226.

IK = 4.71 sin 7 27'= .611; ## = 4.71 cos 7 27' = 4.670.

z= 112 + 9.226 + .611 = 121.837, gives ^ = 7.447; y = 5.280.

y + HK = 9.950. 9.950 - HL = - .042.

.042 laid off on HL will decrease AH by scale .064.

AH = 13.536 gives A = 32^' ;
BAH = 47 17'.

HL = 9.945; AL = 9.182; IK and HK as above.
x = 121.793, giving $ = 7.442 = 7 26^' ; y = 5.275.

y + HK= 9.945, = HL and checking the frog point.
/. Frog angle = 47 01' - (7 26i') + 32|' = 40 07'.

Distance between frogs, CH= 13.536 - 6.255 = 7.28 ft.

Similarly the frogs at F and G can be found and the remaining
distances. The distance between H and G can best be found by
coordinates, having the distance of each from the tangent OJ
and the projection of each upon this tangent.

PROBLEMS.

1. A 6 curve is elevated for a speed of 45 miles per hour.
Find the length of transition curve required by the recommenda-
tions of the Am. Ry. Eng. and M. of W. Assoc.

2. How much is the track shortened by the application of

300-foot transitions to a 6 curve 6 stations long?
3. Compute coordinates for points 60 feet apart on a 360-foot

transition to a 9 curve.

* Table V. Strictly, l=x/(l-E).
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4. Compute deflections for running a transition to a 5 curve,

using 10 35-ft. chords, and working from each end and from the

center of the transition.

5. Find the data for laying out the transition curves of the

example of 44 by the deflection method, using 10-foot chords,
and allowing for arc excess where appreciable.

6. Find the corrections to chord lengths for a 600-foot tran-

sition to a 12 curve using 50-foot chords, and the total error if

the corrections are neglected.
7. Find the discrepancy at the PT due to running a 6 curve

600 feet long with 100-foot chords for track centers, and the

corresponding chord corrections, the tangents having been taken
from Table III.

8. In Fig. 25, Ai = 28 and A2
= 32. The degrees of the

curves are Di = 9 and Z>2 = 5. Find the tangent distances if a
180-foot transition is used at the beginning of the 9 curve, a

160-foot between the two curves and a 250-foot at the end of the

5 curve.

SUGGESTION. Use the offsets and long chords as the courses

of a traverse in computing the coordinates of I referred to the

first tangent as an axis and D as an origin, i.e., compute DEFGHI
as a traverse.

9. Compute the tangents for the compound curve of the pre-

ceding problem if no transition curves are used.



CONSTRUCTION.

46. Leveling. As soon as the center line is located levels

are run over it to determine the ground elevations. These

should be taken at all stations and also at all breaks in grade
in order to fully develop the ground surface. High-water

marks and other drainage conditions should be carefully

noted by the levelman, as also the classification or character

of the soil, as these must be considered in fixing the height

of the grade line upon the profile. Sea level datum should

be used if readily obtainable.

Bench marks should be established at points about one-

half mile apart for use on location if running a preliminary
or for use on construction if running a location. They should

usually be near grade points for convenience during con-

struction but far enough away to avoid disturbance. Roots

of trees, good masonry and large boulders make excellent

BM's for railroad work if properly marked and described;

when not available, poorer ones have to be used.

With backsights and frontsights on turning points equal,

or the sums between bench marks equal, and with sights

limited to about 400 feet, there should be no difficulty in

checking levels to less than 0.1 foot per mile on fairly rough

ground, and there is no advantage worth spending money
for in checking much closer than this on ordinary railroad

location.

The readings on turning points only are placed in the BS
and FS columns. The difference of the sums of these

columns should check the last turning point or HI.

Thus,

24.86 - 11.37 = 13.49,

13.49 + 793.38 = 806.87, the last HI.

70
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The following is a convenient form for level notes.

LEVEL BOOK.

71

Sta.
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In fact it is usually unnecessary to accurately satisfy this

condition, as one or more of the following factors enter into

the question and good judgment and experience are required

to strike a proper balance between them.

Excess excavation, or excess fill, may be required when
the height of the grade line is modified by having to pass
under or over an existing railroad or important highway, or

when a location requiring light grading only would cost

excessively for right of way.
Excess excavation is often required at summits in order

to reduce the gradient to the required limit.

Embankment must be in excess over low, flat country, sub-

ject to overflow, where the grade line should be kept at least

two feet above high water. First cost is often reduced by

raising the grade line to reduce the cuts and using temporary
trestles in place of the expensive portions of the fills.

When cuts are in solid rock or hardpan it is often more
economical to raise the grade line and borrow cheaper material

for the excess fills.

Deep cuts should be avoided in regions of heavy snow and
whenever they would seriously increase the danger from

landslides. While excess material may generally be used

to advantage in widening out banks, it is best, as a rule, to

keep the grade line fairly high, as fills tend to give cheaper
maintenance on account of better drainage. A piece of fine

thread is very useful in studying the projection of a grade
line.

The grade line of this paragraph is usually called the sub-

gra^de; it defines the surface of the finished roadbed after

grading. The ballast, ties and rails are placed on this road-

bed, making the grade of the track a constant distance higher
than the subgrade.

48. Volumes. After fixing the grade line on the profile,

the grade elevations or "
grades

"
are computed for each

station and, together with the ground elevations, entered

in the cross-section book. The center cuts or fills are then

made up as shown in the notes. It is desirable to have also

a list of BM's in the back of the book.

Tables of level cuttings could then be used to determine

volumes if the ground were exactly level transversely. But
as this rarely happens and since it is necessary to set slope



Eq. 64.] VOLUMES 73

stakes at the edges of the cuts and fills to guide the con-

tractor in grading, cross-sections are taken to determine the

exact shape of each section. The cross-section notes are

then available for accurately computing the volumes for

which the contractor must be paid.

The simplest section is the two-level section in which the

transverse slope is uniform, as in Fig. 26, making it necessary

rN.
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lines which move by proportional parts along the homologous
sides of the figures determining the parallel ends. The
sides may also be considered as generated by lines constantly

parallel with the planes of the bases moving along the lines

connecting homologous points of the ends, as directrices.

Thus the sides are either planes or hyperbolic paraboloids,

and the volume of such a solid may be computed by the fol-

lowing:

V = - (A + A' + 4 Am), (65)
6

where A and A' are the end areas and Am the middle area.

From an inspection of this formula it is easily seen that

the average end area method gives correct results only when
Am is an average of the two end areas. Since it would be a

tedious operation to find Am by the interpolation of all linear

dimensions, it is usual to divide the more complex prismoids
into triangular ones for the purpose of computation, especially

in case the true volume is to be determined. The volume

by averaging end areas is then found first, preferably by the

use of tables (see Crandall's Tables for the Computation of

Railway and Other Earthwork), and then a prismoidal
correction is determined, also from tables. This correction

depends upon the change in height and change in base between

the two triangular ends.

49. Rules for Cross-sectioning. From the definition

of the prismoid it is evident that straight lines between any
two homologous points of the parallel bases are elements

of the surface, and this is the criterion which governs the field-

work, and necessitates the following rules for taking cross-

sections.

Take cross-sections at all regular stations and at plusses

where necessary, so that straight lines connecting homolo-

gous points of adjacent sections shall lie wholly in the ground
surface or equalize that surface. When the center line is on

a curve, the lines connecting homologous points must be

estimated at the same curvature in judging of their coincidence

with the ground surface.

Take sufficient points in each cross-section so that straight

lines joining them will lie in the surface or will equalize the

surface.
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The subdivision into triangular prismoids requires the

same number of sides or points in adjacent cross-sections, so

that, when a ridge or hollow runs out, its vanishing point in

the more regular section must he fakftn a-nH the sention made

up witn the break for the solid on one side and without it

for the solid on the other side of the section. The height of

this vanishing point can be computed, but it is fritter tn mpa,^-

ure it in the field. An occasional extra break can often be

treated best by itself, as adding or subtracting a computed
amount to or from the regular quantity which would be

obtained without it.

Cross-sections should also be taken wherever a grade point
occurs on fiif.hftr ed^e of the roadbed (usually limited to the

edges in cutting), and one is generally placed where a grade

point occurs on, the center line.

On light work and where the transverse slope is small,

a section is sometimes taken where the center line comes

to^grade and the other two sections are omitted.

The plusses are preferably made 50 feet, multiples of 10

feet, or whole feet (except grade points), for convenience in

computing grades in the field and quantities in the office.

Breaks on a cross-section should be put at whole feet from

the center when possible without a sacrifice of accuracy.
When the method by averaging end areas is used for

computing the volumes of the prismoids, additional sections

should be taken whenever the change in transverse slope or

in area between adjacent sections is great, i.e., when the

change in height and width is great, giving a large prismoidal
correction.

50. To take Cross-sections. In taking cross-sections

some engineers run a new line of levels and work from the

Hi's. This is hardly worth while, especially if the BM's
have been used on the preliminary survey and rechecked on

the location. It is desirable, however, to guard against
local errors by checking between consecutive stations when
convenient.

The usual process is to use the center cut or fill as a basis

and from that determine cuts and fills at such other points
as are necessary.

Thus (see form of Cross-section Book) the center cut at

station 186 is 13.7. The rod is held on center and reads,
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CROSS-SECTION

Sta.
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on the right (10 feet out) and a reading of 5.4 found, giving
20.4 5.4 =15 for the cut. which is noted as shown. The

slope stake is then found as before.

Rapid cross-sectioning requires good judgment in the selec-

tion of points and ability to calculate quickly and mentally.

Apply the rule for distances out to each of the slope stakes

given in the notes. The method of checking from one

station to the next is indicated by the grade rod at 186 + 50.

The rod reading at center is 10, giving 10 + 10.3 = 20.3

for grade rod. Comparing the difference of grades with the

difference of grade rods from same set-up for the adjacent

sections, they are found to be the same, thus checking the

work. Sometimes it will, of course, be necessary to carry
levels over a turning point in order to apply this check.

The same principles as given above for cuts also apply to

fills, the only difference being that the instrument may be

under the grade line instead of over it.

A grade point occurs on center between 186 + 90, where

the left side runs out of cut, and 187 + 16, where the cut

ends on the right. The fills do not begin, of course, at

exactly these same points, but it is usual to consider them
to do so, as it is not necessary to have the volumes of fills as

accurately as those of the cuts.

Grade points along the center line are determined by mov-

ing the rod along the line until the reading equals the grade
rod at the preceding station plus or minus the correction due

to the gradient up to the point where the reading is taken,

depending on whether the gradient is minus or plus. They
may also be computed approximately from the notes by
finding the rate of change of the surface. Thus in the notes

given there is a grade point on center line between 187 and
8

187 + 08, whose distance from 187 is - X 8 = 6.4 feet.

0.8 + 0.2

The same process serves to determine grade points at the

edges of the roadbed, except that the rod must be moved

along a line parallel with the center line and distant from

it by one-half the width of the roadbed.

51. Staking out Work. The ordinary masonry struc-

tures like culverts, bridge abutments, trestle piers, etc., usu-

ally consist of two parts, the foundation and the neat work.

For convenience, or to increase the bearing area, the founda-
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Set up at C, turn 90 and set E and F for the corners of the

wing walls; extend this face line say 20 feet each way and

put in solid reference hubs to preserve the face line. Set

up at E and lay off 30 for the face of the wing wall. If

staking from a general plan, the end of the wing G can be

found by making its distance from AB = 1.5 times depth

Fig. 28.

below grade, plus half width of roadbed. It is customary to

make the height of the end of the wing 3 or 4 feet and allow

the fill to slope slightly around the end. If staking from a

plan, the length would be given and could be laid off directly.

Reference hubs can be placed on EG produced at such dis-

tances as not to be disturbed by the excavation.

Similarly the wing FH can be staked and referenced.

Having these face lines the foundation lines can be laid off

from them without an instrument, or they can be laid off

independently from D.

The excavation should be carried below frost if on soil,

while other considerations such as danger of undercutting
or poor material may require it to be carried much deeper.
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Levels are run from the nearest BM and the HI, say

179.84, found for the last set-up. Then 179.84 - 176.22 =

3.62, the rod reading for top of foundation masonry. Drive

substantial stakes, one near the center and one near each

end, until the rod reads 3.62 when held on the top. These

stakes should be near enough so that the masons' level board

will reach the masonry.
The face batter will be carried up the quoins, JE and KF,

and its value should be computed so as to give the 1 inch

per foot on 1C.

For coursed masonry the height should be checked from

time to time with the drawings to insure the bridge seat's

coming at the correct height.

The distance CI in inches = height of battered face in

feet; the clear span under the coping will be greater than that

at the base by twice CI.

If the span is long, or there are several spans between the

abutments, it is necessary that the tape agree with the bridge

company's standard for the structure to fit the masonry.
53. Referencing a Line. During construction practi-

cally all the stakes and hubs on the center line are dug out or

covered. This requires that the line be referenced for ease

of recovery in running track centers, or even for giving line

and grade as may be necessary from time to time during the

progress of the work.

If the P/'s are outside the slope stakes and accessible they
are excellent points to preserve by substantial hubs. When
these are not suitably situated, the PC's and PT's may be

referenced to hubs or other objects outside the slope stakes.

This may be done by measuring a distance each way at right

angles to the line, or by measuring two distances on the

same side. If there is a deep cut or high fill to be made at

the point, the remeasurements will be inconvenient and the

exact recovery difficult.

On this account, many prefer intersections obtained by
setting the transit over the center hub, turning 45 or other

convenient angle from the line so that four hubs may be

set well outside of the slope stakes with angles of 90 between

adjacent ones. This gives two intersecting lines at right

angles, which should give a good recovery even on rough

ground, but is not convenient if the view is cut off by the con-
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struction of a high fill. Approximate distances should be

measured to aid in finding the hubs.

54. Track-laying and Monumenting. In recovering

the line for track centers after the grading is completed, some

discrepancies occur in relocating the referenced points;

these added to the inaccuracies of taping on rough ground,
and possibly to the inaccuracy of the instrumental work,

usually necessitate some readjustment of alinement. Some

shifting may also be necessary in order to fit the roadbed and

structures. With light grading and short curves the tangents
should be located and the Pi's used in running the curves

as in 12. If the P/'s are inconvenient of access, due to

heavy grading or long curves, the curves can best be run by
trial from the imperfectly recovered PC's and then corrected

by sliding the PC's along the tangents as in 15, converting

any slight discrepancy in A into distance at the PT. On

very long curves a slight compounding may sometimes be

required to follow the roadbed. This is not especially ob-

jectionable if the break in curvature is small.

If on location care was not taken to level up the tape so as

to bring the stations 100 feet apart, the tape should be held

correspondingly short in running track centers so that the

stations will coincide as nearly as may be with their old

positions; otherwise the gradients, property lines and aline-

ment will all be disturbed and confusion will result. After

the line is in operation an entire resurvey can be made if

desired and all these changes taken into account.

The stakes should be 1 J or 2 inches square and well driven
;

they should be pointed with tacks on curves.

The grade stakes are driven at the side with their tops at

the height of the top of the rail, allowing for vertical curves

at all breaks in gradients.

The tangent points, points of change of curvature, sum-

mits, and, if transition curves are used, the ends of the tran-

sition curves, should be marked by permanent monuments
to guide the track foreman in maintaining alinement and for

use in realining the track with an instrument. These should

be set on the side at a convenient but uniform distance from

center. Stones or pieces of old rail, from 3 to 5 feet long

according to soil, and centered, are much used.

It is the custom of many roads to monument also theti
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right of way and other property lines for convenience and

protection.

Permanent BM's should also be established, but this can

usually be done on masonry structures or other permanent
well-defined objects without having to place them specially

for the purpose.

PROBLEMS.
1. Find the distance out to a slope stake 20.3 feet above

grade for a 20-ft. roadbed and a 1 to 1 side slope.

2. Find the width between trusses for a clearance of 7 feet

from center of track for a bridge 90 feet long on a 3 curve.

3. In separating grades in a city the subgrade is raised 13 feet.

Find the height of retaining wall required to hold the slopes for

a double-track roadbed 28 feet wide on a 40-ft. right of way.
4. A steel-plate girder trestle as shown in Fig. 29 is to be

built on a 6 curve. Draw a sketch and show on it the data

required for staking out the centers of the post piers.

-00'-

^^

SECTION ELEVATION

Fig. 29.

5. An overhead highway bridge 20 feet wide is on an 8 per
cent gradient and makes an angle of 50 with the railroad center

line.

(a) Find the clear span for a clearance of 14 feet for the rail-

road.

(6) Find the elevations for the tops of the piles of the pile

abutments, using a 10 X 10 inch cap, for a clearance of 22 feet

above center of track. Elevation of track 462.75.

6. Find the length of 12-inch culvert pipe required under a
20-ft. fill for a 16-ft. roadbed with \\ to 1 side slopes and a 4 per
cent transverse surface slope.
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7. Find the increased distance required on the inside, Prob. 2,

to give the same car clearance if the outer rail is elevated
3 inches; top of car body 14 feet above rail.

8. The preliminary examination of a cut indicates that rock
will be found at a depth of 12 feet. Find the distance out to a

slope stake having a cut of 30 feet for a 27-ft. roadbed; rock side

slope J to 1; earth slope 1 to 1.

9. If 14 feet is the minimum safe clearance in a rock cut on a

tangent (vertical sides), find that required for a 10 curve, out-

side and inside, for an elevation of outer rail of 7 inches, with a
car body 14 feet high and 70 feet long pivoted to the trucks at

points 48 feet apart.

10. The abutments of a bridge make an angle of 60 with the

axis and are 20 and 25 feet high, respectively.
Find the distance between face lines at the base for a clear

span of 110 feet under the coping and a face batter of one inch

per foot.



CHAPTER IV.

RECONNOISSANCE.

55. Survey for Location. A survey for location gener-

ally consists of three more or less complete surveys:

a. The Reconnaissance. A rough, rapid survey, or ex-

amination, of the entire belt of country within which there

is any probability of finding a practicable route.

b. The Preliminary Survey. An instrumental survey or

traverse of the line, following closely the route picked out on

reconnoissance and serving, with its topography, as a basis

for

c. The Location. A transit and tape survey, in which

the curves are run in and the center line is staked on the

ground.
These surveys, of course, generally increase in accuracy

from the first to the third and each should vary in character

with the local conditions.

The problem may come to the Locating Engineer in its very

inception as a project to build a line between two widely

separated points, when all the broad questions of traffic, etc.,

indicated in the Introduction, must be considered in first

selecting general routes and finally narrowing down to the

located line.

Usually, however, quite definite instructions are given as

to general route, maximum gradient, degree of curve, value

of distance, curvature, rise and fall, etc., by the higher officials,

who have themselves considered the larger questions involved.

The problem is then to find the best line obtainable which will

satisfy the requirements of the instructions. If no such line

can be found, the Locating Engineer should report that fact

together with suggestions as to the best procedure to over-

come the difficulty.

56. The Reconnoissance. The great importance of the

location of a line was shown in the Introduction, and it is now

easily appreciated that the reconnoissance is its most impor-
tant part, as it usually fixes the general route. That is, better

85
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lines are rarely found after the completion of the reconnois-

sance, unless by competitors, since the selection of one route

eliminates all others from consideration.

Sometimes two routes will be found so nearly equal in

desirability that a more accurate survey is necessary in order

to decide between them, but at other times a single route can

be picked out on reconnoissance.

Hence the importance of employing the best possible talent

for the survey for location and especially for the reconnoissance

cannot be too strongly emphasized , as many of the worst errors

in railroad location are made on the reconnoissance.

It is also evident that the reconnoissance cannot be fully

discussed without a knowledge of construction and operation,

so attention will now be confined to the instruments and

methods used and the more obvious effects of topography in

placing the line.

57. Types of Lines. Flat country, with natural slopes

not exceeding the desired maximum gradient, presents prac-

tically no problem in location, the only thing necessary being
to connect the controlling points, i.e., stream crossings, towns,

etc., by straight lines. It need hardly be said that such

conditions are rare.

In country approaching the above, especial care must be

taken to avoid long, shallow cuts on account of lack of drain-

age. Such country is considered somewhat difficult, largely

because it is deceptive; the apparently smooth, flat slopes

giving, when plotted, steep gradients or heavy work which

cannot be reduced without large lateral deriations on account

of the flat transverse slopes.

About the simplest of the real location problems is presented
where a road ascends the side of a valley for the purpose of

reaching a town or a low saddle where it can pass into the

adjoining watershed. Rough country may, of course, make
the details of the location difficult, and the problem itself

requires careful study if the line is to be run on ruling gradient,

and especially if development is necessary in order to keep
below the desired maximum gradient.

A strictly valley line, in which the road runs along a stream

and the advantages are alternately on one side and then the

other, usually presents a more difficult problem. Both banks

must be carefully examined in this case and detailed com-
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parisons made between the most promising schemes, taking

into account not only the actual costs of the right of way,

cuts, fills and bridging (not only of main stream but of

tributaries), but also the less tangible points, such as liability

to landslides or flooding, advantages of reducing gradient,

curvature, distance and rise and fall, and of increasing

traffic.

A ridge line is apt to require heavy work in order to be kept

fairly straight, but on the whole is probably less difficult than

a valley line.

The most difficult general problem will be presented when
the line cuts directly across the main drainage, since this gives

minimum distances and maximum differences of elevation.

High stream crossings and low saddles must be sought, but are

rarely sufficient in themselves to give satisfactory gradients,

and heavy summit cuts or even tunnels and "
development,"

or purposely lengthening the line by curves, switchbacks or

loops, are more frequently necessary in this case than in the

others.

In cutting diagonally across the main drainage, advantage

may be taken of the valleys of secondary streams on one side,

but long detours are often necessary on the other, though

tertiary streams are sometimes of use, especially if fairly

large.

Few lines are entirely of one type and most will present a

mixture of several different types. It is evident, however,
that the difficulty of selecting the general route on recon-

noissance will vary with the type of line as discussed above,
while those attendant upon the detailed adjustment of the

line to the ground will vary with the roughness or brokenness

of the country.

Hence the engineer on reconrioissance should study every
detail of the drainage, upon which the type of line has been

shown to depend, and not allow the ruggedness of the topog-

raphy, especially if in short stretches only, to exert undue
influence in placing the line.

58. Office Preparation. The first step in preparing for

the reconnoissance is to collect all available maps or other

records. Accurate topographical maps to large scale are

practically never available, and perhaps the most useful maps
obtainable are the small scale topographical sheets published
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by the United States Geological Survey, which are now avail-

able over large sections of the country. The general routes

can be selected and approximately plotted on these, even in

fairly difficult country, thus materially reducing the labor of

the reconnoissance.

In laying out general routes the approximate gradients

between controlling points are found from the differences of

elevation, allowing for cuts and fills, if any, and the approxi-
mate distances as scaled from the map. If the gradient thus

determined does not exceed the adopted maximum, the line

is then laid out by setting a pair of dividers at the proper dis-

tance to give on that gradient a change of elevation equal to

the contour interval, and then stepping along the line from

one contour to the next. Care must be taken to keep as

nearly as possible to the proper position for the located line

by jumping straight across narrow ravines and through nar-

row spurs instead of following the contours exactly. The
distance stepped off in this way should be more accurate than

that scaled directly ,
and it may be necessary to revise the grade,

when allowance may also be made for curvature if necessary.

The method of following up this line on the ground will be

practically the same as establishing a line, which process will

be described later.

Maps without contours, such as Land Office, County or

State Maps, will be available for large territories which have

not yet been covered by topographic surveys, but these are

useful principally for the determination of distances. These

outline or skeleton maps will usually show rivers and streams,

however, and an experienced man will derive much informa-

tion from a study of the drainage systems alone.

59. Field Methods. When no maps can be obtained and

also when a general route as plotted is to be followed up in the

field, means of determining distances, differences of elevation

and direction are necessary. Since the reconnoissance is

only a rough survey, hand or pocket instruments suffice for

this work, though very extended exploratory surveys in new
countries require the use of a much more elaborate outfit,

including astronomical instruments, mercurial barometers,

etc. Such surveys will not be treated here. See Godwin's

Railroad Engineer's Field Book.

Direction is determined by the azimuth compass. Many
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of these are not very sensitive, and it is best to get the bearing
of a line by taking the average of two readings obtained by
swinging up to it from each direction.

Approximate distances are obtained by scaling from a map,

by timing, by the odometer or pedometer, by pacing and by
estimation.

The method of scaling is good for long distances when

points can be located from the map with fair accuracy and the

map itself is correct. No map should be accepted as correct,

however, until thoroughly tested. The errors occasionally

found on the Geological Survey sheets are usually such as the

omission of roads, streams, etc., which do not affect distances

but may confuse one as to his location. Sometimes the

elevations are incorrect, necessitating a revision or even

abandonment of a general route. The Locating Engineer
should be constantly on the lookout for these errors and apply

every possible check as he proceeds.

Distances may be obtained within the necessary limits by
timing, whether the method of travel be by wagon, on horse-

back or on foot. This is especially true where checks can be

obtained at long intervals, say such as may be covered in a

day or half a day, by the use of a map, as the intermediate

points may then be checked by interpolation.

The odometer may be used for reconnoissance from a wagon
and the pedometer when on foot. Reconnoissance from a

wagon is not desirable unless the country be fairly easy, and

the line obviously should lie near the road. Even the most

energetic engineer, with a firm determination to investigate
on foot all points requiring it, will often miss seeing what he

should see, due to the use of the wagon.
The engineer on horseback is more free to follow the line

unless high fences and private rights prevent. Longer dis-

tances can of course be covered and with less fatigue than on

foot. Very difficult country must be investigated on foot and
much that is not difficult is covered in this way. Pacing
must also be resorted to in obtaining distances, unless one

is sufficiently experienced to estimate them closely* Timing
and the pedometer are useless where there is much doubling
back and forth.

It should be carefully remembered that the more difficult

the problem and the narrower its limits, the greater the
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accuracy required. Lines are even roughly taped in some

instances.

The hand level is somewhat used for the determination of ele-

vations, especially at critical points and in open country. The
aneroid barometer is, however, more extensively employed, as

it is much more rapid, can be used in wooded country, and is

accurate enough for most reconnoissance purposes if intelli-

gently used.

60. The Barometer. This is an instrument for measur-

ing the pressure of the atmosphere. It is done in the case of

the mercurial barometer by measuring the height of the column

of mercury which the atmosphere will support. Pure mer-

cury is put into a glass tube about three feet long and one-

quarter inch in diameter and carefully boiled to remove all

air and moisture.* It is then inverted into the cistern of

mercury, when the column lowers until the pressure balances

that of the atmosphere, leaving a nearly perfect vacuum
about one-half foot long at the top of the tube. For the

standard mountain barometer, this tube is supported in a

brass case which extends to the top of the cistern. The top
of the cistern is a glass cylinder; the lower portion is of wood
and the bottom a chamois bag. This extension is contained

in a brass cylinder which is attached to the upper one by
screws through outside flanges, leaving the glass portion of the

cylinder exposed. An ivory point projects into the cistern

from above and an adjusting screw from below supports the

chamois bag.

For a reading, the top of the mercury in the cistern is raised

by the adjusting screw acting upon the chamois bottom until

the light just disappears under the ivory point without causing
a dimple, when the vernier tube is moved so that the plane of

its bottom is tangent to the spherical top of the column as

seen through two opposite slits in the brass case.

The vernier reads to 0.002 of an inch, and the scale is ad-

* A field method of replacing a broken tube is to fill with mercury,
then invert, holding a piece of chamois over the end of the tube, and allow

a small portion of the mercury to run out; the rarefied bubble remaining
is then moved along the tube and the small air bubbles gathered up. The
tube is refilled and the process repeated several times. A tube carefully

filled in this way will give readings but a few hundredths lower than a

boiled tube.
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justable with reference to the ivory point for its zero, allowing

for the capillary depression of the tube.

The attached thermometer is read first, before it has been

heated by the observer. The reading is necessary to correct

for the expansion of the mercury and scale.

In moving the mercurial barometer, the adjusting screw

at the bottom should be turned up until the cistern and finally

the tube are filled, taking care not to press hard enough to

force a leak in the cistern. When the tube is apparently

filled, a gentle inclination with the ear near it will indicate by
a metallic click if it is safe to invert without further turning
the screw. If not almost filled, there is danger of the tube's

breaking with the blow from the mercury; if pressed too hard,

the mercury will leak at the cistern.

After inverting, the screw should be backed off about one-

quarter turn to allow for the expansion with rise of tempera-
ture.

The aneroid barometer consists essentially of a box from

which nearly all the air has been exhausted, and which has its

sides held apart by a spring which balances the atmospheric

pressure and allows the box to expand or contract with change
of pressure. This small motion of the sides is multiplied and

communicated to an index moving over a graduated scale.

The aneroid cannot be a standard barometer, as there is no

method of graduating its scale except by comparison with a

mercurial barometer. It is graduated in inches of mercury,
and has an adjusting screw for shifting the zero from time to

time, as it moves due to the wear or disturbance of the delicate

mechanism of its parts.

It can thus never be depended upon for actual pressures

except when frequently compared with a standard mercurial

barometer. It can, however, be depended upon to give cor-

rect differences of pressure during short intervals of time if

well made and carefully handled.

Most aneroids also have an altitude scale which may be

used for hypsometric work. It is graduated in feet to corre-

spond with the pressure scale for a standard air temperature
and its zero corresponds with standard pressure at sea level

or other assumed datum.

The instrument should be compensated for temperature,
which is said to be done by cutting out a portion of the side of
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one of the brass levers and replacing it with steel; differential

expansion bending the lever to counteract the expansion of

the other parts.

For hints in purchasing and testing an aneroid, reference is

made to Trans. Am. Soc. C. E., Vol. I, p. 277 (The Aneroid

Barometer and its Use in Estimating Altitudes, by Gen. T. G.

Ellis).

In using the aneroid, bring the face to a horizontal position

and tap the case gently before reading. It should be pro-
tected from jarring and sudden changes of temperature,
hence it should be kept in the case and neither carried too close

to the body nor exposed to direct sunlight. The index ad-

justment should not be disturbed too frequently, it being
better to apply a small index correction.

61. Barometric Formulas. The relation between atmos-

pheric pressure and altitude is a logarithmic one on account

of the decrease of density with altitude. Professor Church

(Mechanics, p. 620) derives the following expression:

(66)

where h is the difference in elevation
; p ,

the standard pressure,

14.701 pounds per square inch; f01 the corresponding weight,
0.08076 pounds per cubic foot, for atmospheric air; Tn ,

the

absolute temperature and TQ ,
the absolute temperature of

the freezing point,
= 273 C.

; pnand pm ,
the observed pressures ;

and Iog the Naperian log.

In applying this to barometric leveling there should be

corrections for the variation of gravity with altitude in its

effect on the weight of the air and for the difference in den-

sity due to humidity. Both of these corrections are small

and may be omitted for reconnoissance work. Before sub-

stituting the ratio of barometric readings (Bn/Bm ) for that

of pressures (pn/Pm) all instrumental corrections must have

been made.

Mercurial barometer corrections.

1. Reduction to standard temperatures, 32 F. for the

mercury and 62 F. for the brass scale.

2. Correction for the difference in the force of gravity

acting upon the mercury in different latitudes.
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3. Correction for the difference in the force of gravity due

to elevation above sea level.

4. Correction for capillarity of the tube.

The first correction is taken from Table VIII, which was

computed by the following formula:

where C is the correction; B, the barometric reading in inches

of mercury; m, the coefficient of expansion of mercury, =

0.000101; t, the temperature as read from the attached

thermometer; and I, the coefficient of expansion of the brass

scale,
= 0.000 010 2.

This is therefore an instrumental correction for the purpose
of eliminating the effect of the expansion of the mercury and

the scale from the readings, and must be applied before the

values are used for any purpose. The other corrections are

taken care of in the formula for difference of elevation, (68).

Aneroid barometer corrections.

1. Correction for scale errors.

2. Correction for temperature.
3. Correction for index error.

These should be determined by comparison with a standard

mercurial barometer at different temperatures, the mercurial

readings having been reduced to 32 F. at sea level in latitude

45.

The best aneroids have no appreciable scale errors, while

they are compensated for the temperature of the instrument.

For an unknown instrument this should be proven by test,

not taken for granted.
If the same instrument is used for both readings the cor-

rection for index error, unless large, may be omitted.

There are many formulas in use for the determination of

heights, which vary in form and somewhat in the constants

used. The following is given in the Smithsonian Meteoro-

logical Tables published in 1893 as the result of a study of the

best available constants:
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~[1 + 0.002039 (t
- 50)]

JD

Z (feet)
= 62583.6 log

-?
B

(1 + 0.002662 cos 20) (1 + 0.00239)

(1

2 An

R /

(68)

in which 62583.6 (log B log B) is an approximate value of

Z and the factors in the parentheses are correction factors

depending respectively on the air temperature, the humidity,
the variation of gravity with latitude, the variation of gravity
with altitude in its effect on the weight of mercury in the

barometer, and the variation of gravity with altitude in its

effect on the weight of air.

For convenience in tabulating, log B^ log B is replaced
29.9 29.9

by log
-- log--B B Q

29.9
Table IX contains values of 62583.6 log

-
,
with B as

B
argument.
The table is entered with the corrected barometer reading

for each station and the difference of tabular quantities taken

for the approximate difference in elevation. The tempera-
ture correction can be taken from Table X, or computed
mentally by adding \ of 1 per cent for each 1 above

50 F., or subtracting of 1 per cent for each 1 below

50 F., using the average temperature for the two stations.

The other corrections are small, and reference is made to

the Smithsonian Tables for work in which they are needed.

Professor Airy's Table, which was made for graduating the

altitude scale of aneroids, may be of value in making com-

parisons. It is expressed by the following (Gen. Ellis, Trans.

Am. Soc. C. E., Vol. I, p. 301) :

where t and t
r

are the observed air temperatures at the two
stations. He used 31 for B Q ,

or for the zero of his altitude

scale, which is 982 feet lower than the zero of Table IX or

985 by the above formula, for a temperature of 50 F.
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Formula (69) gives the following:

Inch Scale.
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of known elevation and a table of probable readings for

this point made up by applying the constant difference to

the office readings, this difference including index error and

difference of altitude.

An accurate barograph will give a continuous office record

without the expense of an observer.

With a single aneroid, satisfactory results can be secured

for short intervals of time only, on account of the erratic

changes in the pressure of the atmosphere. For short

intervals of time the rate of change may be considered

constant, and approximate results obtained by reading at

one point, then at a second, and again at the first, and

comparing a reading interpolated for time for the first

with the reading at the second for finding difference of ele-

vation.

Another method is to determine the rate of change of the

barometer at as many different times as is convenient during
the day, by taking two readings at the same point some 15

to 30 minutes apart. These rates are then extended both

backward and forward over about one-half the intervening

time.

The altitude scale should not be used except for small

differences of elevation unless it has been compared with the

Airy or other standard formula to see if the readings corre-

spond with the pressure. If the altitude scale is movable,
it should be set in its normal position, otherwise it will not

give correct differences of elevation.

An accurate altitude scale takes the place of Table IX,
and requires only- the temperature correction, which by the

Airy formula is 0.2 per cent per degree above or below 50 F.,

+ if above, if below, and it can be computed and applied

mentally.
A movable altitude scale allows of setting the zero with the

pointer at a given station, for running gradients or for reading
a certain small number of feet above or below the station;

it is not intended for accurate leveling.

If the altitude scale is used in the field, it will usually

be less work to apply the index correction (with the sign

changed) to the office barometer and then enter the corre-

sponding altitude scale readings for comparison with the field

readings.
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Barometric levels should always be accepted with a reser-

vation unless they have been carefully checked by duplicate

readings at important points and under varying conditions.

Usually the results will be good, but occasionally large

discrepancies appear which cannot be accounted for by lack

of care or by poor weather conditions which were apparent
at the time.

Even the best aneroids will sometimes "
drag," i.e., not

come to the proper reading at once after a considerable

change of elevation. This necessitates a short delay at

stations until the reading becomes constant.

EXAMPLE. The following office readings were taken with
a Green standard mountain barometer and a K. & E. aneroid:

rp-
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63. The Preliminary Survey. After the Locating

Engineer has presented his report on the reconnoissance,

giving the results briefly and including a rough estimate of

the cost of construction, it may be decided to run a prelimi-

nary survey. This will consist of a topographical survey
of a narrow belt of country following the general route or

routes picked out on reconnoissance and within which it is

estimated that the final locai/ed line will lie.

If necessary to make such a survey over more than one

route in order to compare them, it is desirable that the line

traversed approach very closely the trial location, so that

fairly accurate estimates of cost of construction may be

made. Sometimes very little or no topography will be taken

in this case and courses will be short in making swings so

as to approximate very closely the trial location.

Some engineers attempt to pick out courses which can be

used for tangents in the final location even when but one

route is to be surveyed and then take topography only at

critical points. Others simply survey a line close enough to

the single general route so that the topography will surely

cover the located line.

Even in this latter case practice differs in respect to the

accuracy required. Some make a very accurate survey and
take detailed topography. The line is then plotted by
coordinates and the topography carefully mapped. The
location is projected, its coordinates determined and transit

notes worked up which are then run in by the transitman

in the field. Frequent ties to the preliminary are furnished

him for checking his work.

Other engineers do not attempt to make the preliminary

especially accurate but use the projected or paper location

simply as a guide for the final location, which they themselves

make in the field. This keeps them constantly studying the

country, and it is believed to be the better method. This

question is more fully discussed in the books on railroad

location, and is mentioned here only for the purpose of indi-

cating the differences in character and purpose of preliminary

surveys.

In any case a traverse should be run, using the general
field methods given in the Introduction. This is followed

by levels taken as described in 46. If detailed topography
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is required it is usually taken by the cross-section method,
the instruments used being the hand level, .rod and tape.

Five-foot contours are usually required and are determined

by selecting such a position that a rod reading on center is

obtained which puts the eye of the observer on a five-foot

contour. Thus if the elevation of the station is 873.6 and the

observer reads 1.4 on the rod, his HI is then 875.

The rod is then moved perpendicular to line until the read-

ing is 5 feet when it is on the 870 contour and its distance

from center is read and plotted. The rod is then moved to

read 10 feet, and so on. In this way five-foot contours may
be rapidly and accurately taken and plotted.

The points where the contours cross center line should

also be determined for accuracy in plotting and for checking
the elevations. The distances to contours should always be

noted as a check on the plotting and the notes should, of

course, run up the page as in Fig. 5.

All buildings and other structures near the line should be

carefully located and bearings of fences, roads and streams

determined and noted.

The preliminary survey is sometimes made by the stadia

method, when the topography is picked up by side shots.

Usually the stadia will be sufficiently accurate for the purpose
if distances and vertical angles are read on both backsight
and frontsight, though when the line is being run on ruling

gradient it is somewhat safer to run levels over it. The
method is especially valuable in rugged topography, since the

salient features can be picked up and more information gained
in a given time than by the method given above if the

country is sufficiently open to permit the stadia shots to be

taken.

The organization of the party and detailed method of con-

ducting the survey will vary with its character and purpose
and the openness of the country. These subjects are fully

discussed in various books on railroad location and will not

be entered into here except to state that the Locating Engineer
will take notes of all matters affecting the final location or cost

of the line. He selects the ground ahead of the party by the

same methods as were used on reconnoissance, supple-
mented by the use of the vertical circle in running uniform

gradients. The topographer should also take complete notes
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on the matters mentioned above in order to check the

work of the engineer and insure as far as possible the collec-

tion of complete data.

64, The Location- As soon as the map of the prelimi-

nary survey or a sufficient portion of it is complete, the

Locating Engineer starts the projection of the final location.

If on ruling or uniform gradient, a "
grade contour "

is very
useful. This is plotted exactly the same as a general route

on uniform gradient is put on the Geological Survey sheets

(see 58), except that it must not be carried too far ahead

of the paper location, as the corrected distances and possi-

bly compensation for curvature will necessitate a revision of

the grade elevations. This grade contour is, of course, a

surface line, i.e., a line of no cut or fill along the center

line, and it will assist greatly in properly placing the trial

location.

Profiles of trial projections are easily made up by noting
where they cross the contours, and from these, or directly from

the maps, quantities may be determined and costs estimated.

Costs of structures on alternate projects need not be deter-

mined for comparisons unless they are so different as to require

different structures.

The detailed comparison of the trial locations must include

many factors aside from cost of construction. These factors

involve a knowledge of the entire field of railroad engineering
and hence cannot be discussed here.

As fast as the projected location is finished, the center line

is staked on the ground as before described. Usually the

transition curves, if used, are not run in, but offsets are

allowed for them.

In staking the center line, property lines, roads, streams,

etc., are located and right of way maps made up and filed as

may be required. Deeds for right of way are obtained and the

line is made ready for construction as described in Chapter III.
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PROBLEMS.
1. A T. & S. aneroid barometer has a movable altitude scale

which gives the following readings for different settings of the

scale :

Inches.



CHAPTER V.

TURNOUTS.

65. General. A turnout is a track for passing from the

main track to a siding or other track. It consists of three

parts as shown in Fig. 30; the movable switch or switch rails

AD and BE for turning from the main track, the lead rails

7*V

Fig. 30.

KF and GP for leading to the frog, and the frog at F to

provide open flangeways for wheels to pass the intersection on

either track.

The movable ends of the switch rails, which may be at A
and B or at D and E, are controlled from a switch stand

placed outside the track on a long tie called the head-block.

The distance from the head-block to the point of frog,

measured along the main track, is called the lead; stub lead

if the head block is at D as for the stub switch, and point lead

if at A as for the point switch.

The point of switch is at A
y
which is the heel of the stub

switch rail and the toe or point of the point switch rail.

The throw is the distance the toe of the switch rail is moved
in opening or closing the switch. The spread is the distance

102
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between main and switch rail centers at the heel of the

point switch. Some 5 to 5f inches are required to give

clearance for wheel flanges.

The gage of a track is the width between the rail heads

measured at points |-
of an inch below the tops of the rails.

The ordinary turnout frogs are numbered, the number

being the axial length from the theoretical point, or inter-

section of the sides produced, to where the width is unity.

Since this length is one-half the cotangent orthe frog angle F,
the frog number,

EKRATUM

Page 103, 9th line from top,
" one-half " should be

added between "of" and "the frog angle F," so that

the line would read,
" since this length is one-half the

cotangent of one-half the frog angle JFV'

Point lead, BF=(r + %g) sin F, \
or,

= g cot l F. \

Similarly in the triangle ADO' (neglecting the effect of

gage),

Vers AO'D = -,

r

1 = rianAO'D. (73)

Since for small angles tangent offsets increase approxi-

mately as the squares of the tangents,

BF I/- (74)



CHAPTER V.

TURNOUTS.

65. General. A turnout is a track for passing from the

main track to a siding or other track. It consists of three

parts as shown in Fig. 30; the movable switch or switch rails

AD and-J^-E f. -

.Fig. 30.

KF and GP for leading to the frog, and the frog at F to

provide open flangeways for wheels to pass the intersection on

either track.

The movable ends of the switch rails, which may be at A
and B or at D and E, are controlled from a switch stand

placed outside the track on a long tie called the head-block.

The distance from the head-block to the point of frog,

measured along the main track, is called the lead; stub lead

if the head block is at D as for the stub switch, and point lead

if at A as for the point switch.

The point of switch is at A, which is the heel of the stub

switch rail and the toe or point of the point switch rail.

The throw is the distance the toe of the switch rail is moved
in opening or closing the switch. The spread is the distance

102



Eq. 74.] STUB SWITCH TURNOUT 103

between main and switch rail centers at the heel .of the

point switch. Some 5 to 5^ inches are required to give

clearance for wheel flanges.

The gage of a track is the width between the rail heads

measured at points f of an inch below the tops of the rails.

The ordinary turnout frogs are numbered, the number

being the axial length from the theoretical point, or inter-

section of the sides produced, to where
tl}e

width is unity.

Since this length is one-half the cotangent of^ne frog angle F,
the frog number,

n=%cot%F. (70)

66. Stub Switch Turnout from Straight Track. In

the stub switch, Fig. 30, the ends of the switch rails back of A
and B are spiked down so that in throwing the free ends to

K and G for the turnout they are bent to a curve. On this

account it is customary to assume a circular arc for the

turnout curve, although the frog is usually straight except
for street railroad track.

Given the frog angle F, the throw t, and the gage g\ to

find the radius of the turnout, r, the point lead and the length
of the switch rail I.

In the triangles AFO' and ABF,

Point lead, BF =
(r + \ g) sin F, )

F. for, =

Similarly in the triangle ADO' (neglecting the effect of

gage),

Vers AO'D = -,

r

I = r tan AO'D. (73)

Since for small angles tangent offsets increase approxi-

mately as the squares of the tangents,

BF I/- (74)
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These values for laying out the turnout are usually given
in terms of the frog number n.

Thus from (70) and (72),

BF = 2 gn. (75)

From the triangle BFO',

(FO')
2 = (BF)

2 + (BO')
2

,
or

(r + i<7)
2 =

(2</rc)
2 + (r

-
J g)\

Solving,

r = 20n
2
. (76)

From (74), (75) and (76),

I = 2n Vgt = \/2rt. (77)

For the standard gage of 4 feet 8j inches and a throw of

5 inches, these formulas become

Lead, BF = 9.42 n, )

Radius, r = 9.42 n2
,

V- (78)

Switch rail, I = 2.8 n. )

The lead rail may be laid out by ordinates from the main

rail AI proportional to the squares of the distances from A,

giving at the quarter, half and three-quarters points, -fag,

\ g, and -f^ g, respectively. Or, the middle ordinate of the

chord AF =
(r + ^ g) vers ^F, and the side or quarter

ordinates will be three-quarters the middle ordinate.

The circular arc assumed in developing these formulas was

approximately secured when cast-iron frogs were in use.

At present much longer frogs are made up from rail sections,

and usually without curvature in steam railroad practice.

Again, 22 feet is about the maximum allowable distance for

an unspiked switch rail, and this corresponds to about a

no. 8 frog; so that for large frog numbers the switch rail

will not coincide with the curve, while for small ones the

frogs will not coincide unless the leg is bent.

On the other hand, variations of 10 per cent are frequently

made in the lead to avoid cutting a rail or for other reasons

with but slight effect upon the riding qualities of the turnout.

67. Stub Switch Turnout from Curved Track. The
lead and length of switch rail are practically unaffected for
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curved main track until the curvature becomes quite sharp.

The degree of curve is increased or decreased by that of main

track according as the turnout is on the inside or on the out-

side of the curve, and the lead rail ordinates can be used as in

66. On this account and because the stub switch has prac-

tically gone out of use, at least for main line, the derivation

of the accurate formulas is omitted.

68. Stub Switch Turnout with Tangent at Frog.
The effect of the tangent I' at the frog F, Fig. 31, so far as the

/

Fig. 31.

turnout up to the tangent point C is concerned will be to

replace the gage by (g I' sin F).

Then from (75), (76) and (77),

Lead, BF = 2 n(g - I' sin F) + I' cos F, )

Radius, r = 2 n2
(g
-

I' sin F), (. (79)

Switch rail, Z= 2 n\/ * (g- I' sin F) = \/2 r*. )

The effect is to shorten the lead by the length of the tan-

gent, i.e., AA' = V
,
and to sharpen the curve. The frog is

usually laid out straight, as already indicated.

69. Point Switch Turnout from Straight Track. In

the point switch, the outside rail of the main track and the

inside rail of the turnout are continuous past the switch rails,

: slight kink in each protecting the sharp points of the straight

(on the gage side) switch rails. This gives a continuous rail

support for the wheels for either main line or turnout, and
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prevents the jolting at the toe, so characteristic of the stub

switch. It is also less sensitive to relative movement of

rails due to creeping or temperature changes. For these

reasons it has practically replaced the stub switch, although
rather more sensitive to disturbance by ice and snow.

In Fig. 32, AK is the straight switch rail in position for

the turnout curve KF and making the angle S, called the

Fig. 32.

switch angle, with the main track. The long chord KF
makes an angle = ^ (F S) with the switch rail AK, or

J (F + S) with the main rail.

In the triangle DQF,
9
~ t

KF =

But

r+
-2<
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ient for field computations with natural functions, while the

first form is better for use with logarithms.

t

sin S = r
L

BF = I cos S + KF cos J (F + S), or

Point lead, BF = I cos S + (gr
-

t) cot J (F + 5). (81)

With a tangent Z' at F the gage would be replaced as

before, giving

q - t - I' sin F
2 sin %(F + S) sin (F -

<7 t I' sin F
cos S cos F

BF = Z cos AS + (g
- t - I' sin F)

cot J (F + S) + Z' cos F.

(82)

The middle ordinate for the chord from the heel K to the

frog, point or toe as the case may be, will be

m =
(r + i 9) vers \ (F -

S). (83)

70. Point Switch Turnout on the Inside of Curved
Track. With curved main track the gage lines of the

switch rails have the curvature of the track, so that the

turnout at the heel of the outer switch rail makes the switch

angle S with the main track the same as for straight track.

The center of the turnout will thus be at 0', Fig. 33, on the

line KO'
', making the switch angle S with the radius KO.

For convenience use the radius r of the outer rail of the turn-

out and R' of the inner rail of the main track.

In the triangle KOO', KO' =
r; KO = R' + a, where

a = g
-

t; angle OKO' = S; 00' = b.

By trigonometry,

b2 = r2 + (R
f + a)

2 - 2 r (R
f + a) cos S.

In the triangle FOO', F0'= r; FO = Rf

; angle OFO' -
frog angle F,

b2 = r2 + R'2 - 2 rR' cos F.

Placing the two values of 62
equal,

R'2 + 2 aR' + a2 - 2 r (R' + a) cos S = R'2 - 2 rR' cos F.
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Radius of outer rail, r =
aR' + i a2

.(84)
(R

f + a) cos S - R' cos F
For the angles at O and 0' in the two triangles use tan J (A B)

a - 6--- tan %(A + B).
a + o

Fig. 33.

The difference of those at will give the central angle for the

stub lead, and of those at 0' that for the length of the turnout

from heel to frog.

EXAMPLE. Find the data for laying out a turnout with a
no. 10 frog, F = 5 43^', on the inside of a 4 curve; 18-ft. switch

rail, 5 in. spread, giving S = 1 27'.

R4
= 1432. 5,72' = 1430. 15;a = 4.71 - 0.46 = 4.25.

Solution.

(84), r=
4.25 X 1430.15+ (4.25)

2_
(1430.15 + 4.25)0.99968-1430.15X0.99501

6087.1=
-10^4

= 556 - 40 '

Triangle FOO'.

FO-FO' =1430.15-556.40= 873.75 ... 2.94138

FO+ FO' = 1430.15+ 556.40 = 1986. 55 (AC)6. 70190

*F = 2 52', cot...................... 1 . 30038

= 83 30', tan.

= 17038 /

;O1

0.94366

3 38'.
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Triangle KOO'.

KO - KO' = 1434.40 - 556.40 = 878.00 .2.94349

KO + KO' = 1434.40 + 556.40 = 1990.80 (AC) 6. 70097

S = 44', cot 1.89280

(O2
' - O2)

= 88 20', tan 1. 53726

O2
'= 17736';02

= 56'.

KOF = O
l
- O2

= 2 42'; stub lead EF = 162'/240' =
67.4ft.

KO'F = 2
' - O/ = 6 58'-,KF = 418'/618' = 67.6 ft.

71. Point Switch Turnout on the Outside of Curved
Track. For convenience use the radius r of the outer rail

of the turnout and R" of the outer rail of the main track,

with a = g t.

it

In the triangle KOO', Fig. 34, as in 70,

62 = r2 + (R" - a)
2 + 2 r (R* - a) cos S.

In the triangle FOO'

b2 = r2 + R"2 + 2 rR" cos F.

Equating,
- 2 aR" + a2 + 2 r (fl"

-
a) cos S = 2 rR" cos F.

=
aR" -$0?~

(R" -a)cos- fl"cosF*
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Having r, the angles at and O 1
are found as in the pre-

ceding section.

EXAMPLE. Find the data for laying out a turnout with
a no. 6 frog, F = 9 31^', on the outside of an 8 curve; 15-ft.

switch rail, 5 inch spread, giving S = 145'; 7?8
= 716.25;

R" =718.60; a = 4.71 - 0.46 = 4.25.

Solution.

=_4.25 X 718.60 - j(4.25)
2_

(718.60 4.25) 0.99953 718.60 X 0.98622

Triangle FOO'.

FO-FO' =718.60-572.37= 146.23 ...... 2.16504
FO+ FOf = 718.60+ 572.37 = 1290.97 (AC) 6.88908

i (O/ + Oj)
= 4 46', tan...................... 8. 92110

Oi)
= 032i' f

tan 7.97522

O/ = 518i'; Oj = 413'.

Triangle KOO'.

KO - KOf =714.35-572.37=141.98 2.15223

KO+ KO' = 714.35+ 572.37= 1286. 72 (AC) 6.89052

i (O2
' + O

2)
= 52$', tan 8. 18390

-
2 )
= 6', tan 7.22665

O2
' = 058|';O2

= 46 J'.

= O,
- O2

= 3 27'; stub lead #F = 207/478^ =43. 2 ft.

KO'F = O/ - O2
' = 4 20'; lead rail KF = 260/601 =43.3 ft.

72. Point Switch Turnouts by Tables. Table XI, from

Camp's Notes on Track, gives the data for laying out turn-

outs from straight main track without computation.
For curved main track he finds that the lead should be

increased or decreased by Z>n2
/144, according as the turn-

out is from the inside or from the outside of the curve. D is

the degree of the main track curve and n is the frog number.

For the middle and quarter point ordinates from the outer

rail of the turnout curve to the chord joining the heel with

the point of frog the ordinates for straight main track are

divided by the degree of turnout curve for straight track and

multiplied by the degree of curve for main track. One and a

quarter times these values are added if the turnout is on the

inside, or one and an eighth times are subtracted if the turn-

out is on the outside.

Within the ordinary range of frog numbers and degrees of
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curve it is claimed that these corrections will give results

checking the true values quite closely.

73. Three Throw Point Switch Turnout. If the main

line frogs are opposite and the turnouts symmetrical, as

assumed in Table XI and shown in Fig. 35, J g and \F" would

replace g and F in the second members of (80) and (81), giving

Point lead to crotch frog,

BH = IcosS +

i *// Gcos 4 F"= cos S
r+ \g

If the main line frogs are not opposite, or if the turnouts

are not symmetrical, the data given would locate the centers

0' and 0", and the problem would be a crossing frog problem
which could be worked in a manner similar to those of 69

and 70.

Thus if 0' were moved to O/, the distances O/ J
,
JR r and

H f 0" would be known, locating the centers.

74. Turnouts without Instruments, Formulas or

Tables. In making out a set of turnout standards and in

many other cases it will be desirable to make use of the

formulas and table given for laying out turnouts. Some-

times, however, the following graphic methods for making a

direct solution on the track will be found helpful.
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Thus for the stub switch of Fig. 30, lay off 4 rH (Eq. 1)
2 n

on the gage line of the rail to the left from F, then locate a

point 4 feet from this and 4 n + from F and join with F
2 n

for the frog tangent. Produce this line by tape or by eye
to I for the PI of the turnout curve.

Lay off IF on the main rail to locate the heel at A. Draw
the chord AF and drop the perpendicular //. This per-

pendicular is bisected by the turnout curve, and the side

ordinates from the chord will be three-fourths of the middle

ordinate.

A tangent V at the frog, as in Fig. 31, will change the outside

lead rail chord to A'C.

For the point switch, Fig. 32, after laying out the frog

tangent as before, estimate the distance from / to the main

rail and measure FI; multiply (FI + I) by the spread of

the point rail per foot (t/l) and compare with LI. A second

trial should suffice, as the frog angle is greater than the switch

angle and an exact equality of the tangents is not essential.

If the track is curved at the frog, measure 4n +
2 n

each way from the frog point, draw the chord and measure

the middle ordinate; add or subtract this ordinate or tangent
offset as the case may be, in laying off the frog tangent IF.

The same method can be used in laying off the tangent to

a curved switch rail.

If for any reason the lead for a circular curve is changed,

making the tangents unequal, a parabola connecting these

unequal tangents can be laid out by joining the vertex with

the center of the chord and drawing the side ordinates parallel

with this center one; the lengths being obtained as in Fig. 30

for the circle. Or, the length of the shorter tangent can be

laid off on the longer, the circular arc drawn, and the excess

left as a tangent to the circle.

For complicated turnout and crossing problems these field

methods can be adapted to the draughting room, using a

scale of from 5 to 1 feet per inch and checking the relation

between distance, central angle and curvature by compu-
tation for increased accuracy.
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PROBLEMS.
1. Find the lead and radius for a 5-ft. tangent at the frog of a

point switch turnout for a no. 8 frog, 5-in. spread.

2. Find the lead and radius for a 5-ft. tangent at the frog of a

point switch turnout on the outside of a 4 curve for a no. 7 frog,

52~in. spread.

3. Find the data for staking out a crossover between two

straight tracks, 12 ft. centers, for stub switches, no. 10 frogs, the

turnout curves being continued beyond the frogs to a reversing

point.

4. Two turnouts on double track, 13 ft. centers, are connected

by a tangent between frogs so as to form a crossover from one
track to the other.

Find the data for laying out with no. 11 frogs and 20-ft. point
switch rails with 6-in. spreads.

5. On location a 4 curve intersects the first rail of a single
track tangent at a deflection angle of 28 32'.

Find the frog angles and the distances between frog points on
both tracks for a single track grade crossing.

6. Compare the radius and lead of a stub switch turnout for

a no. 9 frog with those of a point switch having a 15-ft. switch
rail and a 5^-in. spread.

7. Check the rule of 72 for lead and middle ordinate for a

point switch turnout on the inside of a 3 curve by comparison
with the values computed by 70; no. 11 frog; 18-ft. switch rail,

and 5^-in. throw.

8. Find the crotch frog angle and lead for a 10-ft. tandem three

throw point switch turnout with no. 9 frogs and 20-ft. switch
rails.

9. Find the middle and side ordinates from the turnout chord
AF for a stub switch turnout on the inside of a 3 curve, using a
no. 10 frog.

10. For a stub switch turnout with a no. 12 frog, compare the
theoretical lead and radius with the actual, if the lead rail curve
is tangent to the switch rail at the toe and the free portion of the
switch rail is an arc of a circle 22 ft. long.



CHAPTER VI.

SPECIAL PROBLEMS.

75. Middle Ordinates for curving Rails. In Fig. 36,

let C be the center; AD, a diameter and FE, or c, a chord of

the simple curve FAE whose middle ordinate is AB, or m.

In the right triangles ABE and ADE, the angles AEB and

ADE are equal, being measured by one-half the equal arcs AF
and AE. Therefore the triangles are similar and

AB : AE = AEiAD.

But for flat arcs AE is practically % FE, or \ c. Substitut-

ing and reducing,

c
2 c

2D

The use of this formula may be illustrated by determining
the length of the chord whose middle ordinate in inches equals

D
the degree of the curve. Since m in the formula is in feet,

12

will be its value in the assumed problem.

114
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Substituting this value for m

c = 61. 8 feet.

That is, to find the degree of a curve approximately, deter-

mine the length in inches of the middle ordinate for a chord

of 61.8 feet. This is useful in determining the degree of

curve on old track, and the formula is also used to find the

middle ordinate for curving rails to a given radius. Table

XII was computed by its use.

It is also used to determine the length of chord whose middle

ordinate equals the desired elevation of outer rail on curves,

say f inch per degree of curve, etc.

76. Correction for Curvature and Refraction in

Leveling. In applying 75 to this problem, the radius is the

mean radius of the earth, r (
= 20 890 129 feet), and the length

of sight, L, is one-half the chord c, giving

Correction = l = - -
(88)

The effect of refraction is to reduce this, since it makes the

line of sight slightly concave downward. The radius of the

line of sight varies, due to variations in refraction, but aver-

ages about 7 r, giving for the correction

3L2 L2

C" =- =- (89)
7r 48 743 634

This correction is subtractive from a rod reading or additive

to elevation. It amounts to 0.020 feet in 1000 and varies as

the square of the distance.

The correction should be applied when a long frontsight is

necessary, as in crossing a stream, but the results should not be

depended upon for accurate work without checking by a back-

sight on account of the uncertainty in refraction.

77. Elevation of Outer Rail on Curves. The outer

rail on curves is made higher than the inner one, so that the

weight will have a component towards the center of the curve

which will tend to balance the centrifugal force. From

Mechanics,

Mv2

Centrifugal force = -
> (90)H
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where M is the mass; v, velocity and R, radius of curvature,
all in the foot-pound-second system.
And on an inclined plane making an angle a with the

horizontal,

Component of weight along plane = G sin a, (91)

where G is weight in pounds.
Let e be the elevation of outer rail and g' the distance be-

tween centers of rails, both in feet.

e
Then = sin or,

9

/nr

also M =
32.16

V2
(5280)

2

(3600)
2 '

where V is in miles per hour.

Equating the expressions for the two forces for equilib-

rium, substituting the above values and solving,

0.06686 yy
e = = 0.000 Oil 7 V2

g'D. (92)
ri

The distance g' is slightly greater than the gage of the track,

but since the rail can be elevated for only one speed, which

may never be the exact speed of the train, nothing is gained

by splitting hairs and the gage will be used for g' .

For the standard gage of 4 feet 8J inches (92) becomes

0.3l5y2

e = = 0.000055 V2D. (93)H

For the elevation in inches (E = 12 e),

3 78 V2

E = = 0.00066 V2D. (94)R

Table XIII, from the Manual of Recommended Practice of

the Am. Ry. Eng. and M. of W. Assoc., was computed by this

formula.

When tracks are used for only one kind of service, so that

the speed on a given curve is nearly constant, it is possible

to apply the proper elevation for that speed. In the usual
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case, with varying speeds, it is customary to elevate for nearly

the highest one, or for fast passenger trains, on account of

safety. With the centrifugal force balanced there is still a

flange pressure on the front outer wheels of the trucks due to

the use of parallel axles.

Equation (94) may be used with (87) for finding the chord

whose middle ordinate in inches will equal the proper eleva-

tion of outer rail, for the convenience of the trackmen.

The Manual mentioned above also gives the following

recommendations:
"
Ordinarily an elevation of 8 inches should not be exceeded

and the speed of trains should be regulated to conform to that

elevation.
" The elevation of curves should be zero at the point of

spiral (or transition curve) and should increase to full eleva-

tion at the end of the spiral or beginning of the simple curve.
" In ordinary practice it is recommended that the ele-

vation be run out at the rate of 1 inch in 60 feet, but this will

be modified by the same conditions that should vary the length

of the easement curve used.
" The inner rail should be maintained at grade."

78. Vertical Curves. Vertical curves are necessary at

changes of gradient i-opder to avoid undue shock or slacken-

ing of the couplings.

Theoretically, their length should depend upon the total

change of gradient and the length of the longest train. Prac-

tically, the length is usually found by dividing the total change
of gradient by the allowable change per station, though some

roads use an arbitrary length, say 400 feet, for all cases.

The Am. Ry. Eng. and M. of W. Assoc. recommends a rate of

change of 0.1 per cent per station on summits and 0.05 per cent

per station in sags for first-class lines and double these values

for minor lines.

The gradient of the curve at any point is that of its tangent
at that point. For a station length, the average gradient is

that of the tangent at its middle point, or its chord which is

parallel to that tangent. Hence the change of gradient per
station is the chord offset of the curve. That is, suppose the

chords for two consecutive stations have gradients of -f 0.4 per
cent and + 0.6 per cent, respectively. The rate of change of

gradient is 0.2, and if the chord for the first station length be
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extended over the second the chord offset will be 0.2. The

tangent offset per station will be 0.1, since, as shown in Chapter

I, the tangent offset is one-half the chord offset.

The degree, or radius, of a vertical curve is never found, as

they are easily laid out by the tangent offset method, using the

fact developed in the last paragraph, i.e., that the tangent
offset per station is one-half the rate of change of gradient.

Fig. 37.

Fig. 37 shows the general case of a vertical curve beginning
and ending between stations. The two grade lines, EG and

GJ, meeting at G are connected by the vertical curve ADIB.
The beginning of the curve, A, lies between the regular stations

C and E. Call its distance from C, n, in stations. AE will

then be 1 n. Extend the curve backward to F.

Let t be the tangent offset per station (= i the change of

gradient), then

DC = n2
1 and

FE =
(1
- n)

2
1.

The difference between these two offsets applied to the

gradient of EG will give the gradient of FD, which is one

chord of the curve. The gradient of the succeeding chords

can then be found in turn by applying the rate of change of

gradient per station.

To find the grade elevation of D, first find that of C and add

DC. This gives a starting point for the grade elevations of*

the regular stations, and having the gradients of the chords

the others are readily computed. A similar process serves

to get from curve to tangent at the other end, and the grade
of B should always be figured both along the curve and along
the tangents, thus checking the computations.
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EXAMPLE. A 0.6 per cent gradient and a + 0. 4 per cent

intersect at sta. 186+ 30 with a grade elevation of 217.35.
Determine grade elevations at the regular stations on a vertical

curve changing gradient at the rate of 0.2 per cent per station.

Solution. Total change of gradient = + 0.4 ( 0.6) =
1.0 per cent.

Length of curve = - = 5 stations.

PC = 186 + 30 - (2 + 50) = 183 + 80.

PT = 186 + 30 + (2 + 50) = 188 + 80.

n = .20; 1 - n = .80.

Grade of PC = 217.35+ 2 X 0.6 = 218.85.

Grade of PT = 217. 35 + 2 X 0. 4 = 218. 35

Offset at 184, 0.22 X 0. 1 = 0.004

Offset at 183, 0. 82 X 0. 1 = 0. 064

Difference =0.06

Gradient of chord FD = 0. 66 per cent.

Grade of 184 on tangent, 218.85 .2 X 0.6 = 218.73.

Grade of 184 on curve, 218.73 + .004 = 218.734.

Sta.
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For the general case most engineers prefer another method
in which the tangent offsets from the first tangent for the

entire curve are figured by making them proportional to the

squares of the distances from the PC. This method will be

applied to the example given above.

Sta.
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A diagram made up as described in the Jour. W. Soc. of

Eng., Vol. Ill, p. 1399, will give both horizontal and vertical

distance with one entry. For occasional field use, Table XIV,

giving corrections to horizontal distances computed by (98),

and natural tangents for differences of elevation, will be found

more portable and convenient.

For accurate work the constant k should be determined by
taking readings for various measured distances on level ground
and solving for k in (97), / and c being measured on the

instrument. In using Table XIV, multiply the correction

from the table by the rod reading, or intercept, in feet, cor-

rected for constant if necessary, and subtract the result

from 100 times the (corrected) rod reading and add / + c.

For vertical angles over 18 subtract 0.1 ft. from the final

result for (/ + c) (1 cos a) in computing to tenths of feet.

80. Adjustment of Instruments. The adjustments of

the instruments should be taken up in the order given below.

Before using an instrument, however, and especially before

attempting to adjust it, the observer should focus the eye-

piece upon the wires. Otherwise, errors due to parallax will

enter into the work and make a good adjustment impossible.

This is done by focusing the eyepiece sharply on the wires

while the field is made clear of any image by pointing at the

sky or 9, piece of blank paper or even by throwing the objec-

tive out of focus. The focusing should be tested by sighting

upon some object and noting if there be any relative motion of

wires and image as the eye is moved and repeated if necessary.
In correcting the errors it is best to under-adjust rather

than over-adjust, and care should always be taken that the

screws have an even and firm bearing. In using two oppos-

ing screws, one should always be slightly loosened before the

other is tightened. In adjusting the line of collimation care

must be taken not to disturb the verticality of the vertical

wire. In putting in the reticule, or in any case where the

adjustments are badly in error, they must be gone through
with roughly before attempting the final adjustment.

a. Transit Adjustments.

1 . Plate Levels. Level carefully, being sure that the

levels are parallel with the leveling screws. Swing 180 in

azimuth, thus reversing the levels and doubling their errors.
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Correct one-half the apparent error by the use of the adjust-

ing screws, bring bubbles to the center by the leveling screws

and repeat.

It is best to work with one level at a time, beginning with

the one having the larger error. Also rotate by use of the

upper motion, as it is more important to have the levels

correct for this motion if there is any difference between

the two.

2. Vertical Wire. If this is truly vertical it will cover

a point upon which the transit has been set as the telescope is

moved slightly up and down. Test in this way and correct

if necessary by loosening the pairs of screws holding the

reticule and turning it until the wire stands the test.

3. Line of Collimation. Set up at about the middle of a

level stretch at least 400 feet long. Backsight on a well-

defined point and, plunging, set a point ahead, ^wing in

azimuth to the backsight. Plunge again, and correct one-

fourth the apparent error, if any, by moving the vertical wire.

Repeat the test and correction until the same point is obtained

on frontsight whether the backsight is taken with the tele-

scope direct or reversed.

4. Horizontal Axis. Pick out a well-defined, high point
on a building and^set up so as to give as large a vertical angle

as convenient for use. Drop down and line in a point ifear the

ground. Swing 180 in azimuth, plunge and repeat. If the

two lower points do not coincide, adjust the movable end of

the telescope axis by trial until a point half-way between

them is obtained in dropping down from the upper point.

5. Telescope Level. This is made parallel to the line of

collimation by the "
two-peg

" method. Set up half-way, by
pacing, between two pegs or other solid points and read a rod

on each with the bubble centered in each case. The differ-

ence of rod readings gives the true difference of elevation even

if the level is not in adjustment, since the inclination of the

line of sight would be the same in both cases and, with equal

distances, would give equal errors which neutralize each other.

Now set up near one of the points and take a reading upon
it. Apply the difference of elevation to this reading, thus

obtaining a correct reading for the far point. If this read-

ing is not obtained with the bubble centered, set the wire upon
it and bring the bubble to the center by the adjusting screws.
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If in error, the rod reading on the near point should be

checked before making the final adjustment.
6. Vernier of Vertical Circle. With the bubble of the

telescope level centered, and the plates carefully leveled, set

the vernier of the vertical circle at zero.

b. Y-Level Adjustments.

1 . Horizontal Wire. The horizontal wire is made truly
horizontal by a similar method to that used with the transit

for the vertical wire (see above).
2. Line of Collimation. Sight on a well-defined point

with the intersection of the wires after having loosened the

clips so that the telescope is free to rotate in the Y's. Both

leveling screws and tangent screw may be used in making
this pointing, as it is not essential that the telescope be level.

Rotate the telescope 180 about its axis and correct one-

half the apparent error, if any, by adjusting the reticule.

Adjust one wire at a time until the intersection will remain on

the point throughout the entire revolution.

The point used for this adjustment will preferably be at

about the distance of the average length of sight. This ad-

justment makes the line of collimation coincide with the axis

of the rings.

3. Level. (a) Lateral. Level approximately and turn

the telescope slightly in the Y's. If the bubble remains fixed,

the level is in the same plane with the axis of the rings. If

not, adjust by the lateral screws at one end of the tube.

(b) Vertical. Level up over both pairs of screws, then

clamp over one of them. With the clips open, center the

bubble accurately. Carefully remove the telescope from the

Y's and reverse and return it. Correct one-half the apparent
error, if any, by the use of the adjusting screws. Relevel

and repeat.

This makes the level parallel with the bottom element of the

rings and, if the rings are of equal size, with the line of colli-

mation. This is therefore an indirect or mechanical way of

making the line of collimation parallel with the level and,

especially with an unknown instrument, it should be checked

by the direct or peg method.
4. Y's. For convenience the Y's should be adjusted to

nearly the same length, so that the level tube will be perpen-
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dicular to the axis of rotation. Level over both pairs of

screws; finally over one and swing 180 in azimuth. Correct

one-half the error, if any, by adjusting the Y's.

c. Dumpy Level Adjustments.

1. Horizontal Wire. The same as for the Y level.

2. Level. The level is made perpendicular to the axis of

rotation by the same method as was used for the Y's of the

Y-level, except that the level is adjusted, as the standards

supporting the telescope are usually not adjustable.

3. Line ofCollimation. Use the two-peg method, adjust-

ing the wire instead of the bubble as in the transit.

The above are the ordinary methods of adjustment which

assume that the line of collimation is a fixed line. Since this

line is determined by the wires and the optical center of the

objective, its direction is not constant for different lengths of

sight unless it is parallel with the object-glass slide.

To test this for the horizontal wire, as in leveling, the three-

peg method is necessary. Select three points at about the

same distance apart and determine the exact differences of

elevation by taking readings for each pair from a point half-

way between. Then, setting up near one of the end points,

take readings on all three. If the differences are the same as

before, or if the discrepancies are proportional to the dis-

tances from the instrument, the objective slide is parallel to

the line of collimation; if not, the slide may be adjusted on

some instruments, while on others the only remedy is to return

the instrument to the maker.

For testing the vertical wire of the transit, line in a series

of pegs, making the first one 30 to 50 feet from the transit.

These points should be in a straight line. Test by plunging
and reversing, sighting on the first point, and seeing if the

others are on line.
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PROBLEMS.
1. On a certain line it is decided to elevate the outer rail on

curves at the rate of of an inch per degree of curve.

a. Find the chord whose middle ordinate will equal the required
elevation.

b. For what speed will this elevation be correct?

2. Find, by an exact method, the middle ordinates for curv-

ing 32-foot rails to 20, 35 and 50 degree curves and compare your
results with Table XII.

3. A track on 3-foot gage is to be elevated for a speed of 20
miles per hour.

a. Find the elevation in inches per degree of curve.

6. Find the chord whose middle ordinate equals this elevation.

4. A + 0.3 per cent gradient intersects a 0.7 per cent at

sta. 424 + 50, with an elevation of 478.50. Find the grades at

the regular stations for a vertical curve changing gradient at the

rate of 0.1 per cent per station.

5. Given the data of problem 4. Find the grades at the regu-
lar stations and + 50 's for a vertical curve changing gradient
at the rate of 0.1 per cent per 50 feet.



EXPLANATION OF TABLES.

Table I. Radii, and Deflection Angles in Minutes per Foot
of Length. The radii are found by dividing 5730 by D. The
deflection angle for a sub-chord is found by multiplying the

minutes per foot of curve by the chord length, no correction

being necessary within the limits given in 9.

Table II. Arc Excess, or actual circular arcs for a 100-

foot chord or for 100 feet measured along the chords (Welling-
ton method).

In the field the chord and the deflection are used in running

the curve. This changes the radius from R = - to

R = 5
for D = to 8

sin JZ)
OK

= for D = 8 to 16, etc.,

while the Arc = R arc 1.

Table III. Tangents and Externals for a 1 Curve with

radius = 5730. The functions for a D curve can be found

from those for the 1 curve by dividing by D with sufficient

accuracy during location and construction, provided 100-

foot chords are used up to 8 curves, 50-foot chords from 8

to 16, 25-foot chords from 16 to 32, 10-foot chords from

32 to 80, and 5-foot chords for all sharper curves. In

running centers for high-speed track, where great precision

is required, the chord lengths must be shortened in accord-

ance with the arc excess of Table II in order to make the

curve check accurately at its tangent points.

Curves sharper than 80 should usually be run on the

radius basis like street railroad curves as shown in 44.

Table IV. Transition Deflections. Angles with Tangent
at Zero End. The offset F and the distance x' (found from

x f = - e and measured on the tangent from the zero end
2

of the transition curve to a point opposite the PC or PT of

126
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the circle) are found from (36). The deflections are found

from (39), using Table VI for the corrective term. The long
chords are computed from the coordinates x and y given by
Table V.

The deflection for any chord, or the angle which it makes
with the tangent at the PTC, is given at the intersection of

the horizontal line bearing the chord-point number of one

end with the vertical column bearing the chord-point num-
ber of the other end of the chord. To find the deflections

for all the chords radiating from a given point, run out the

horizontal line and down the vertical column bearing the

point number.

Thus with the 50-foot-chord curve the deflections for the

chords radiating from CP 6 are: 6-0, 3 00'; 6-1, 3 35'; .

6-11, 18 34'.9; the tangent at 6, 9 00', coming from the

intersection of line 6 with column 6.

Some of the chord-point columns have been omitted, which

requires the use of double chord lengths if the instrument is

not at the PTC. The chord lengths are limited nearly to

those allowed for circular curves for the same curvature.

The range of the table can be extended by remembering
that for the same angles doubling distances will halve de-

grees of curvature, and vice versa; while the chord lengths

will have the factor 4, because the doubling of distances

divides the number of chords by 2, and vice versa. This

can be seen by comparing the 100-foot chord curve with the

25, the 5-foot 4-degree with the 5-foot 16-degree, etc.

Table V. Coordinates. The values of C and E are found

from the equations just above (29) and (31), using the angle

turned by the transition curve for argument.

Table VI. Deflection Angles. This is a table to facili-

tate the use of (39). A gives the value of (ri
2 + n"2 + nn")

and B the value of the corrective term. The table is con-

venient for curves of different lengths or different degrees

from those given in Table IV.

The values of B are in thousandths of a degree.

Table VII. Coordinates where x and li are given rather

than I and Zi, as in the example of 45. For small values of

Ix2

<f> the first term, > can be used as an argument for H in
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getting the second term H - For larger values of < the

sum of the two terms should be used as an argument for a

corrected value of H and of <f>.

Table VIII. Reduction of the Mercurial Barometer to

Standard for Temperature. This gives values of C from (67)

with the barometric reading in inches of mercury and the

temperature of the attached thermometer as arguments. It

is taken from the Smithsonian Meteorological Tables pub-
lished in 1893.

Table IX. Barometric Leveling. This is an aid in the

solution of (68) as explained in connection with the formula

and it is taken from the Smithsonian Meteorological Tables.

Table X. Barometric Leveling. Correction for Tempera-
ture. This is for the correction in elevation due to the

temperature of the layer of air between the two stations, a

correction term in (68) which is zero for an air temperature
of 50 F.

Table XL Point Switch Turnouts from Straight Track.

Reference is made to Chapter V and to 72 for explanations
in connection with the table.

Table XII. Middle Ordinates for curving Rails. Com-

puted by (87).

Table XIII. Elevation of Outer Rail in Inches. Com-

puted by (90).

Table XIV. Corrections to Horizontal Distances for

Stadia Work. Computed by (98). The differences of eleva-

tion (99) arc found from the table of circular functions.

Table XV. Cubic Yards per 100 Feet, for different widths

of roadbed and side slopes. These are for ground level

transversely and are for use in making preliminary estimates.

Table XVI. Trigonometric Formulas. These are for-

mulas for the solution of plane triangles and some of those

most useful in trigonometric reductions.

Tables XVII and XVIII. Natural Sines, Cosines, Tan-

gents and Cotangents for field use. For office use see the

five-place rabies by Gauss or by Hussey.
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TABLE VIII. REDUCTION OF THE MERCURIAL BAROMETER
TO STANDARD FOR TEMPERATURE.

4tt.



TABLE IX. BAROMETRIC LEVELING.

Values of 62583.6 (log 29 .90 -log JB).

B



TABLE IX. BAROMETRIC LEVELING (Continued).

Values of 62583.6 (log 29 .90 -log J3).

B



TABLE IX. BAROMETRIC LEVELING (Continued).

Values of 62583.6 (log 29.90 - log ).

B



TABLE X. BAROMETRIC LEVELING.
Correction for Temperature: + above 50 F. - below 50 F.

Mean t.



TABLE XI. POINT SWITCH TURNOUTS FROM STRAIGHT
TRACK.

Gage 4 feet 84 inches. Spread at heel 54 inches.



TABLE XII. MIDDLE ORDINATES FOR CURVING RAILS
IN INCHES.

TABLE XIII. ELEVATION OF OUTER RAIL IN INCHES.

D.

Velocity in Miles per Hour.

10 15 20 25 30 35 40 45 50 55 60 65 70

II
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TABLE XIV. CORRECTIONS TO HORIZONTAL DISTANCES FOR
STADIA WORK.

In feet per 100 ft.

Vertical
Angle.



TABLE XV. CUBIC YARDS PER 100 FEET. SLOPES i : 1.

j

f*Q



TABLE XV. CUBIC YARDS PER 100 FEET. SLOPES i : 1.

^



TABLE XV. CUBIC YARDS PER 100 FEET. SLOPE 1:1.

1*



TABLE XV. CUBIC YARDS PER 100 FEET. SLOPES 1* : 1.

M
&
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TABLE XV. CUBIC YARDS PER 100 FEET. SLOPES 2:1.

i:



TABLE XVI. TRIGONOMETRIC FORMULAS

Circular Functions.

Second quadrant:
sin A = cos (A 90) cos A = - sin (A - 90)

tan A = cot (A 90)

Third quadrant:
sin A = sin (A 180) cos A = cos (A 180)

tan A = tan (A - 180)

Fourth quadrant:
sin A = cos (A - 270) cos A = sin (A - 270)

tan A = - cot (A - 270)

Right Triangle.aba
sin A = - cos A = - tan A = =-

c c b

c
2 = a2 + & 2 Area= Jab, where c is the hypotenuse.

Oblique Triangle.

sin A sin B _ sin C
a b c

a 2 = b 2 + c
2 - 2bc cos A

tan }(A - B) =-T-T tan} (A + B) } (A + B) =90-JC

A = } (A + B) + } (A - B)
B = } (A + B) -

} (A - B)

, ^ 7 ,cos}(A + J5) sin } (A + B)
c = (a +Z>)

- ^ =
(a b)

-
7-7-3
-

JTVcos } (A B) sin } (A B)

tan } A = 4~. ~, where a = } (a + 6 + c)

2 (,-6).(.-r)
be ^_ be

Area = } ab sin C = Vs (s a) (s b) (s c).

General Formulas.

1
sin A =

-J-
= Vl cos 2 A = tan A cos A

cosec A
= 2 sin } A cos } A = vers A cot } A
= V^ vers 2 A = V} (1 cos 2 A).
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TABLE XVI. TRIGONOMETRIC FORMULAS

1 _________
cos A =-7 = VI sin 2A = cot A sin A

sec A
= 1 - vers A = 2 cos 2 JA-1-1-2 sin 2 .4

= cos 2
i A - sin 2 JA = V_- - i cos 2 A.

1 sin A / 5--:
-r 4 / 1

tan A = r =-A
= Vsec 2 A 1 =V rr *

cot A cos A T cos 2A
sin 2 A 1 cos 2 A= --

^ r = -: ^ t

= exsec A cot !> A .

1 + cos 2 A sin 2 A
vers A = 1 cos A = sin A tan J A = 2 sin 2

J A
= exsec A cos A

. vers A
exsec A = sec A 1 = tan A tan i A =

"_
I cos A4 /sm^A =y

sin 2 A =2 sin A cos A

4/1+ cos A= y

-
-r-

cos A

COS _-
_.

y
-

cos 2 A = 2 cos 2 A - 1 = cos 2 A - sin 2 A = 1 - 2 sin 2 A
tan A 1 cos A

tan \ A =
j
= cosec A cot A =

:
-
4

1 4- sec A sin A
1 cos A

1

1 + cos A
2 tan A

tan 2 A =
v-

exsec J A =

1 - tan 2 A
1 cos A

1 + cos A 4- V2 (1 4- cos A)
2 tan 2 A

exsec 2 A = T
-

/r
1 tan 2 A

sin (A i B) = sin A cos B sin B cos A
cos (A + B) = cos A cos B =F sin A sin B

sin A 4- sin B = 2 sin J (A 4- B) cos J (A B)
sin A sin B = 2 cos J (A 4- B) sin J (A B)
cos A 4- cos B = 2 cos J (A + B) cos j- (A - B)
cos A - cos B = - 2 sin i (.4. + B) sin % (A - I

sin 2 A sin 2 B = cos 2 B cos 2 A
= sin (A + B) sin (A B)

cos 2 A sin 2 B = cos (A + B) cos (A B)
sin (A + B)

tan A 4- tan B = -
cos A cos B

., sin (A B)
tan A tan 13 = .

cos A cos D
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TABLE XVII. NATURAL SINES AND COSINES.



TABLE XVII. NATURAL SINES AND COSINES.



TABLE XVII. NATURAL SINES AND COSINES.



TABLE XVII. NATURAL SINES AND COSINES.



TABLE XVII. NATURAL SINES AND COSINES.



TABLE XVII. NATURAL SINES AND COSINES.
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.TABLE XVII. NATURAL SINES AND COSINES.
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TABLE XVII. NATURAL SINES AND COSINES.



TABLE XVII. NATURAL SINES AND COSINES.



TABLE XVIII. NATURAL TANGENTS AND COTANGENTS.



TABLE XVIII. NATURAL TANGENTS AND COTANGENTS.



TABLE XVIII. NATURAL TANGENTS AND COTANGENTS.



TABLE XVIII. NATURAL TANGENTS AND COTANGENTS.
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TABLE XVIII. NATURAL TANGENTS AND COTANGENTS.



TABLE XVIII. NATURAL TANGENTS AND COTANGENTS.



TABLE XVIII. NATURAL TANGENTS AND COTANGENTS.



TABLE XVIII. NATURAL TANGENTS AND COTANGENTS.



TABLE XVIII. NATURAL TANGENTS AND COTANGENTS.



TABLE XVIII. NATURAL TANGENTS AND COTANGENTS.



TABLE XVIII. NATURAL TANGENTS AND COTANGENTS.



TABLE XVIII. NATURAL TANGENTS AND COTANGENTS.
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